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COHOMOLOGICAL EQUATION AND COCYCLE
RIGIDITY OF DISCRETE PARABOLIC ACTIONS IN
SOME HIGHER RANK LIE GROUPS
JAMES TANIS AND ZHENQI JENNY WANG1
Abstract. Let G denote a higher rank R-split simple Lie group of
the following type: SL(n,R), SOo(m,m), E6(6), E7(7) and E8(8), where
m ≥ 4 and n ≥ 3. We study the cohomological equation for discrete
parabolic actions on G via representation theory. Specifically, we char-
acterize the obstructions to solving the cohomological equation and con-
struct smooth solutions with Sobolev estimates. We prove that global
estimates of the solution are generally not tame, and our non-tame esti-
mates in the case G = SL(n,R) are sharp up to finite loss of regularity.
Moreover, we prove that for general G the estimates are tame in all but
one direction, and as an application, we obtain tame estimates for the
common solution of the cocycle equations. We also give a sufficient con-
dition for which the first cohomology with coefficients in smooth vector
fields is trivial. In the case that G = SL(n,R), we show this condition
is also necessary. A new method is developed to prove tame directions
involving computations within maximal unipotent subgroups of the uni-
tary duals of SL(2,R) ⋉ R2 and SL(2,R) ⋉ R4. A new technique is
also developed to prove non-tameness for solutions of the cohomological
equation.
1. Introduction
1.1. Various algebraic actions. Main examples concern higher rank abelian
partially hyperbolic homogeneous actions on symmetric spaces and twisted
symmetric spaces and higher rank abelian parabolic homogeneous actions
on semisimple Lie groups. Specifically, for k, ℓ ∈ N such that k+ ℓ ≥ 1, con-
sider the Zk ×Rℓ algebraic actions defined as follows. Let G be a connected
Lie group, A ⊆ G a closed abelian subgroup which is isomorphic to Zk×Rℓ,
M a subgroup of the centralizer Z(A) of A, and Γ a torsion free lattice in
G. Then A acts by left translation on the space M =M\G/Γ, and we have
the following examples:
• Symmetric space examples, where G is a semisimple Lie group of
non-compact type, and A is a subgroup of a maximal R-split Cartan
subgroup in G.
Key words and phrases. Higher rank abelian group actions, cocycle rigidity, induced uni-
tary representation, Mackey theory.
1 Based on research supported by NSF grant DMS-1700837.
1
2 JAMES TANIS AND ZHENQI JENNY WANG1
• Twisted symmetric space examples, where G = H ⋉ρ Rm or G =
H ⋉ρ N is a semidirect product of a reductive Lie group H with
a semisimple factor of non-compact type with Rm or a simply con-
nected nilpotent group N , and A is a subgroup of a maximal R-split
Cartan subgroup in H.
• Parabolic action examples, whereG is a semisimple Lie group of non-
compact type and A is a subgroup of a maximal abelian unipotent
subgroup in G.
The cohomological equation arises in several problems in dynamics, for ex-
ample, in the study of the existence of invariant measures, in conjugacy prob-
lems, in the study of reparametrisations of flows, etc. Significant progress
has been made over the past two decades in the study of smooth cocycle
rigidity for higher rank (partially) hyperbolic algebraic actions on symmetric
and twisted symmetric spaces (see [4], [18], [19], [20] and [21]). Generally
speaking, higher rank strongly chaotic algebraic systems display local rigid-
ity, and various rigidity phenomena are now well understood. This is in
contrast to the rank-one situation, where Livsic showed there is an infinite-
dimensional space of obstructions to solving the cohomological equation for
a hyperbolic action by R or Z.
Rigidity results for actions without any hyperbolicity, like parabolic ac-
tions, are substantially more difficult to obtain, and accordingly, much less is
known about them. All tools and theories developed so far for (partially) hy-
perbolic systems rely on the following fact: Most orbits grow exponentially
under the action of (partially) hyperbolic elements. In contrast, parabolic
actions have at best polynomial growth along orbits, which prevents similar
geometric arguments from being effective here.
Results concerning the cohomology of parabolic actions have instead re-
lied on representation theory as an essential tool, beginning with the repre-
sentation theory of SL(2,R) or SL(2,C). Specifically, the first such result,
due to L. Flaminio and G. Forni in [8], proved Sobolev estimates of the co-
homological equation of the classical horocycle flow in irreducible, unitary
representations of PSL(2,R). Global estimates were then obtained by glue-
ing estimates from each irreducible component. This approach was later
used in [38] and [9] to study the cohomological equation of the classical
(discrete) horocycle map, and it was also employed in [22], [23] and [36] to
study the cohomogical equation or cohomology for some models of algebraic
parabolic actions.
The above results used the representation theory of the entire group.
However, this cannot be done in the higher rank setting, even for SL(3,R),
whose unitary dual is well-understood [40]. In general, the unitary dual of
many higher rank almost-simple algebraic groups is not completely classified,
and even when the classification is known, it is too complicated to apply. To
handle these cases, a new method was introduced in [42] that is based on an
analysis of the unitary dual of various subgroups in G rather than that of
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G itself. Mackey theory was used to find models for the representations of
these groups that appeared in a restricted non-trivial representation of G.
After explicit computations in irreducible models, global properties of the
solution came with having sufficiently many semidirect product groups that
contain the one-parameter root subgroup in the cohomological equation.
Parabolic and (partially) hyperbolic actions are different in other ways as
well. Unlike (partially) hyperboilc actions, an analysis of the cohomologi-
cal equation and cohomology of parabolic maps involves significantly more
technical difficulties than for parabolic flows. For example, the space of
obstructions to a smooth solution of the cohomological equation of horocy-
cle maps has infinite countable dimension in each irreducible component of
PSL(2,R), see [38], as opposed to being at most two dimensional in each
component for the horocycle flow, see [8]. Moreover, Sobolev estimates for
solutions of the cohomological equation of horocycle maps are not tame in
[38], [39] and [9], as opposed to the tame estimates obtained for the horocycle
flow in [8] and parabolic flow in [42]. Because tame estimates for solutions of
the cohomological equation lays the groundwork for proving smooth action
rigidity, see [5] and [6], not having them complicates this effort.
The purpose of this paper is to extend a careful analysis of the study of
the cohomological equation and cohomology of the horocycle map to par-
abolic maps on some higher rank simple Lie groups. We characterize the
obstructions to solving the cohomological equation, construct smooth solu-
tions of the cohomological equation and obtain non-tame Sobolev estimates
for the solution, see Theorem 2.1 and 5.8. Theorem 2.2 proves that in the
case of SL(n,R), for n ≥ 3, these Sobolev estimates are, in fact, generally
not tame, and our Sobolev estimates in Theorem 2.1 are sharp up to finite
loss of regularity. Theorem 2.2 gives the same lower bound for SL(2,R),
which is part of the proof of analogous sharp (up to finite loss of regularity),
non-tame estimates for horocycle maps, to appear in the forthcoming paper
[39].
Even though tameness fails for the cohomological equation, we prove that
it holds for general G in all but one explicit direction, see Theorem 2.3.
This turns out to be enough in Theorem 2.5 to prove that tameness holds
for cocycle equations, which is an important step toward obtaining the first
parabolic actions that display smooth local rigidity on semisimple homoge-
neous spaces. Finally, we give a sufficient condition for when the cocycle
equation has a common solution, and in the case of G = SL(n,R), n ≥ 3,
we show that this conditions is also necessary, see Theorem 2.6.
To our knowledge, Theorem 2.2 is the first proof of non-existence of tame
Sobolev estimates for a solution of the cohomological equation of a homoge-
neous parabolic action in a non-commutative setting. An interesting ques-
tion is to determine the other settings where tameness fails. The fact that
it fails in every real special linear group suggests that it may also fail for
every real semisimple Lie group. In addition, all previous methods to prove
tame cocycle rigidity require that solutions to the cohomological equation
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are tame. As a consequence, we believe our method in proving Theorem 2.3
that proves tame directions for solutions of cohomological equations will find
other applications, particularly for cycle rigidity, see Theorem 2.5.
Finally, we comment on the proofs of Theorems 2.1 and 2.2. Regarding
Theorem 2.1, the analogous theorem for parabolic flows was proven in [42],
where Sobolev estimates of the solution were obtained from estimates of
lower rank subgroups of G: SL(2,R)×R and SL(2,R)⋉R2. Trying the same
approach for the map causes a non-tame Sobolev loss of regularity in every
direction that does not commute with the unipotent flow direction. To prove
Theorem 2.3, our new method proves tame vectors in the maximal unipotent
subgroups of SL(2,R)⋉R2 and SL(2,R)⋉R4 rather than in the semidirect
products themselves. This gives us enough directions to prove tame cocycle
rigidity, thereby overcoming the above mentioned analysis difficulty resulting
from non-tameness of solutions of the unipotent map.
A new method is also developed to prove Theorem 2.2, which is carried
out in irreducible models of SL(n,R). The main idea is to first prove the
lower bound of the transfer function for the twisted equation (v+
√−1λ)f =
g, where the vector field v is an element of a unipotent root space and
λ ∈ R∗, which is less complicated to study than the corresponding map,
exp(v). We work in Fourier transform and consider the variables for which
the unipotent vector fields are second order differential operators in our
model. For a given v, we find a function g whose Sobolev norm is bounded
linearly in the representation parameter and whose transfer function f has a
norm that is much larger than that with respect to the same representation
parameter. Comparing the sizes of the representation parameters, we prove
tame estimates generally do not exist for the twisted equation. We derive
Theorem 2.2 concerning unipotent maps from that.
2. Background, definition, and statement of results
2.1. Preliminaries on cocycles. Let α : A ×M →M be an action of a
topological group A on a (compact) manifold M by diffeomorphisms. For
a topological group Y , a Y -valued cocycle (or an one-cocycle) over α is a
continuous function β : A×M→ Y satisfying:
β(ab, x) = β(a, α(b, x))β(b, x)(2.1)
for any a, b ∈ A. A homomorphism s : A → Y satisfies the cocycle identity
by setting s(a, x) = s(a), and is called a constant cocycle, because it is
independent of x. A cocycle is cohomologous to a constant cocycle if there
exists a homomorphism s : A→ Y and a continuous transfer map H :M→
Y such that for all a ∈ A
β(a, x) = H(α(a, x))s(a)H(x)−1(2.2)
(2.2) is called the cohomology equation. In particular, a cocycle is a cobound-
ary if it is cohomologous to the trivial cocycle s(a) = idY , a ∈ A, i.e. if for
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all a ∈ A the following equation holds:
β(a, x) = H(α(a, x))H(x)−1.(2.3)
For more detailed information on cocycles adapted to the present setting see
[4] and [17].
In this paper we will only consider smooth Ck-valued cocycles over alge-
braic parabolic actions on smooth manifolds. By taking component func-
tions we may always assume that β is C-valued. Further, by taking real
and imaginary parts, our cocycle results also hold for real-valued cocy-
cles. Adapted to the settings in this paper, A is a subgroup of a maxi-
mal abelian unipotent subgroup in G and consider the manifold G/Γ, where
Γ ⊂ G is a torsion free lattice. A cocycle is called smooth if the map
β : A → C∞(L2(G/Γ)) is smooth. We can also define β to be of class Cr.
We note that if the cocycle β is cohomologous to a constant cocycle, then
the constant cocycle is given by s(a) =
∫
G/Γ β(a, x)dx.
In what follows, C will denote any constant that depends only on the
given group G. Cx,y,z,··· will denote any constant that in addition to the
above also depends on parameters x, y, z, etc.
2.2. Main results. In this paper, G denotes a higher rank R-split simple
Lie group of the following type: SL(n,R), SOo(m,m), E6(6), E7(7) and E8(8)
where m ≥ 4 and n ≥ 3 and G denotes its Lie algebra. The conditions on
the indices are given firstly to ensure that the groups in question are higher
rank Lie groups, and then they are further restricted to avoid the incidental
local isomorphisms between various families of groups in low dimensions.
For example, the groups SO0(2, 2) and SOo(3, 3) are locally isomorphic to
SL(2,R) × SL(2,R) and SL(4,R) respectively. Cohomology properties for
lower rank cases will appear in a forthcoming paper, see [39].
Fix an inner product on G. Let G1 be the set of unit vectors in G. Let
Φ denote the set of roots of G and uφ denote the root space of φ for any
φ ∈ Φ. Set
Eφ = {ψ ∈ Φ : ψ + φ /∈ Φ, φ− ψ ∈ Φ} and
E¯φ = {ψ ∈ Φ : ψ + φ /∈ Φ, φ− ψ /∈ Φ}.
In fact, E¯φ consists of all roots ψ such that uψ × uφ imbeds in a subalgebra
of G isomorphic to sl(2,R)×R. Suppose (π, H) is a unitary representation
of G without non-trivial G-fixed vectors.
2.3. Results for the cohomological equation. The next result shows
that the exp(v)-invariant distributions are the only obstructions to solving
the cohomological equation
Lvf := π(exp(v))f − f = g(2.4)
where v ∈ uφ and g ∈ H∞
6 JAMES TANIS AND ZHENQI JENNY WANG1
Theorem 2.1. Suppose (π, H) is a unitary representation of G without
non-trivial G-fixed vectors and v ∈ uφ⋂G1. Also suppose g ∈ H∞. Then
the following holds:
(1) If D(g) = 0 for any exp(v)-invariant distribution D, then the coho-
mological equation (2.4) has a solution f ∈ H.
(2) If the cohomological equation (2.4) has a solution f ∈ H, then f ∈
H∞ and satisfies the Sobolev estimate
‖f‖s ≤ Cs‖g‖2s+8 ∀s ≥ 0,
The estimates of the solution in above theorem are not tame, i.e., there
is no finite loss of regularity (with respect to Sobolev norms) between the
coboundary and the solution. Similar results were proven for the (discrete)
classical horocycle map, see [9], [38] and [39]. The next result shows that
when G = SL(n,R), n ≥ 3, they are indeed the best possible up to a finite
loss of regularity.
Let P be the maximal parabolic subgroup of SL(n,R) which stabilizes
the line e1 = (R, 0, · · · , 0)τ ∈ Rn, where τ is the transpose map. Then P
has the form
Ç
a v
0 A
å
, where vτ ∈ Rn−1, a ∈ R\{0} and A ∈ GL(n− 1,R).
For any t ∈ R, λ±t is the unitary character of P defined by
λ±t
Ç
a v
0 A
å
= ε±(a)|a|t
√−1(2.5)
with ε+(a) = 1 and ε−(a) = sgn(a).
Theorem 2.2. Let n ≥ 2. For any s ≥ 0, for any σ ∈ [0, s + 1/2) and for
any C > 0, there exists δ > 0, such that the following holds. For any t ∈ R
with |t| ≥ δ, there are smooth vectors f, g ∈ IndSL(n,R)P (λ±t ), such that f and
g satisfy equation (2.4) with estimates
‖(I − a2)s/2f‖ > C‖g‖s+σ ,
where a ∈ u−v⋂G1.
The above result shows that the solution is generally not tame in the u−v
direction. The next theorem states that the solution is tame in every other
direction. Let C denote the Cartan subalgebra of G.
Theorem 2.3. For any s ≥ 0, for any unitary representation (π, H) of G
without non-trivial G-fixed vectors, for any g ∈ H∞ and for any v ∈ uφ⋂G1,
the following holds. If the cohomological equation (2.4) has a solution f ∈ H,
then f ∈ H∞ and satisfies
‖(1 − a2)s/2f‖ ≤ Cs‖g‖s+12(2.6)
for any a ∈ uµ⋂G1, where µ 6= −φ; and
‖(1− b2)s/2f‖ ≤ Cs‖g‖s+12(2.7)
for any b ∈ C⋂G1.
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Remark 2.4. Notice that Theorem 2.1 holds for the regular representation
H = L20(G/Γ), consisting of square integrable functions on G/Γ orthogonal
to constants, where Γ is an arbitrary lattice. Our proof for this general
lattice uses a analogous estimate for unitary representations of SL(2,R),
which will appear in [39]. However, when Γ is cocompact, the estimate for
SL(2,R) representations is not needed, because
‖f‖s ≤ Cs‖g‖2s+14 ∀s ≥ 0,
follows from the subelliptic regularity theorem (see Theorem 3.4) and the
two estimates in the above theorem.
2.4. Results for the cocycle equations. The next theorem states suffi-
cient conditions for which the infinitesimal version of cohomological equa-
tions have a common solution. Despite Theorem 2.2, estimates for cocycle
equations are always tame.
Theorem 2.5. Suppose (π, H) is a unitary representation of G without G-
fixed vectors and f, g ∈ H∞ and satisfy the cocycle equation Luf = Lvg,
where u ∈ uφ⋂G1 and v ∈ uψ ⋂G1, φ, ψ ∈ Φ satisfying [u, v] = 0. If
ψ ∈ E¯φ, then the cocycle equation has a common solution h ∈ H∞, that is,
Lvh = f and Luh = g; and h satisfies the Sobolev estimate
‖h‖s ≤ Csmax{‖g‖s+8, ‖f‖s+8}, ∀ s > 0.
It turns out that when G = SL(n,R), n ≥ 3, the condition in the above
theorem is also necessary for the infinitesimal version of cocycle rigidity.
More precisely, there exist uncountably many irreducible unitary represen-
tations of SL(n,R) such that cocycle rigidity fails whenever there is no
rank-two subgroup in the acting group that imbeds in SL(2,R)× R.
Theorem 2.6. Let n ≥ 3, and fix any φ ∈ Φ, and set φ0 = φ. For any
0 ≤ m ≤ n − 2 and for any 0 ≤ i ≤ m, let φi ∈ Eφ and ui ∈ uφi . For any
t ∈ R, there are smooth vectors (fk)mk=0 ⊂ IndSL(n,R)P (λδt ), δ = ±, such that
for any 0 ≤ k, ℓ ≤ m, (fk)mk=0 satisfies the cocycle equations ukfℓ = uℓfk,
while none of the equations ukω = fk have a solution in the attached Hilbert
space of Ind
SL(n,R)
P (λ
δ
t ).
As an application of Theorem 2.5 we have:
Theorem 2.7. Suppose φ ∈ E¯ψ. Also suppose v1 ∈ uφ⋂G1 and v2 ∈
uψ
⋂
G1. Let U denote the discrete subgroup generated by exp(v1) and
exp(v2). Let V ⊂ G be an abelian unipotent subgroup containing U . Then
any smooth Ck-valued cocycle over the V -action on G/Γ, where Γ is a lattice
in G, is smoothly cohomologous to a constant cocycle.
Theorems 2.2 and 2.6 are statements about irreducible, unitary repre-
sentations of SL(n,R), denoted Ind
SL(n,R)
P (λ
δ
t ), t ∈ R. With regard to the
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regular representation, the natural question is whether these irreducible rep-
resentaitons are subrepresentations of L2(SL(n,R)/Γ) for t tending to in-
finity. In the case n = 2, they are principal series representations, which
arise from both the continuous and the discrete spectrum of the Laplacian
on L2(SL(2,R)/Γ), the latter corresponding to Maass forms. If Γ is cocom-
pact, there are infinitely many Maass forms, so there are infinitely many such
representations and the parameter t goes to infinity. If Γ is non-compact
and arithmetic, then there are again infinitely many and t tends to infinity,
by the Selberg trace formula, see [25].
For the case n ≥ 3, the theory of theta series indicates that there is a set of
arithmetic lattices such that for any Γ in this set there is a sequence tn →∞
such that Ind
SL(n,R)
P (λ
δ
tn) occurs as a subrepresentation of L
2(SL(n,R)/Γ).
Moreover, every arithmetic lattice in SL(n,R) is commensurable with one
of the lattices stated above. Then because all lattices in SL(n,R) are arith-
metic [29], the following much stronger statement is expected to hold: For
any lattice Γ of SL(n,R), there is a finite index subgroup Γ1 ⊂ Γ and a
sequence tn →∞ such that IndSL(n,R)P (λδtn) occurs as a subrepresentation of
L2(SL(n,R)/Γ1). Since it has been an open problem of giving a complete
set of irreducible representations that appear in L2(SL(n,R)/Γ) for any lat-
tice Γ, the above results are by far the best that is known about cocycle
rigidity in SL(n,R).
3. Representation Theory
3.1. Unitary representations of SL(2,R). The Lie algebra of SL(2,R)
is generated by the vector fields
X =
Ç
1 0
0 −1
å
, U =
Ç
0 1
0 0
å
, V =
Ç
0 0
1 0
å
.(3.1)
The Casimir operator is then given by
 := −X2 − 2(UV + V U),
which generates the center of the enveloping algebra of sl(2,R). The Casimir
operator  acts as a constant u ∈ R on each irreducible unitary represen-
tation space and its value classifies them into four classes. Unitary rep-
resentations are classified by a representation parameter ν. The Casimir
parameter u and the representation parameter ν are linked by the formula
ν =
√
1− u. Then all the irreducible unitary representations of SL(2,R)
must be equivalent to one the following:
• principal series representations π±ν , u ≥ 1 so that ν = iR,
• complementary series representations π0ν , 0 < u < 1, so that 0 <
ν < 1,
• mock discrete or discrete series representations π0ν and π0−ν , u =
−n2 + 2n, n ≥ 1, so ν = n− 1,
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• the trivial representation, u = 0.
Any unitary representation (π,H) of SL(2,R) is decomposed into a direct
integral (see [8] and [30])
H =
∫
⊕
Hudµ(u)(3.2)
with respect to a positive Stieltjes measure dµ(u) over the spectrum σ().
The Casimir operator acts as the constant u ∈ σ() on every Hilbert space
Hu. The representations induced on Hu do not need to be irreducible. In
fact, Hu is in general the direct sum of an (at most countable) number of
unitary representations equal to the spectral multiplicity of u ∈ σ(). We
say that π has a spectral gap (of u0) if u0 > 0 and µ((0, u0]) = 0 and π
contains no non-trivial SL(2,R)-fixed vectors.
3.2. Introduction to Mackey representation theory. The problem of
determining the complete set of equivalence classes of unitary irreducible
representations of a general class of semi-direct product groups has been
solved by Mackey [27]. These results are summarized in this section with
explicit application to groups SL(2,R)⋉R2 and SL(2,R)⋉R4 to facilitate
the study of cohomological equation and cocycle rigidity that follows. There
are two essential ingredients used by Mackey to determine the unitary irre-
ducible representations of a semi-direct product group S. The first is the
general notion of inducing a unitary representation of a group S from a uni-
tary representation of a subgroup H. The second is the dual action of S on
the characters of the normal subgroup. If S is second countable and every
orbit is locally closed (intersection of an open and a closed set), then Mackey
theory gives the construction of the complete set of equivalence classes of
irreducible unitary representations on S with an appropriate Borel topology.
Suppose S is a locally compact second countable group and H is a closed
subgroup. Let π be a unitary representation of H on a Hilbert space H.
Suppose S/H carries a S-invariant σ finite measure µ. Choose a Borel map
Λ : S/H → S such that p ◦ Λ = Id, where p : S → S/H is the natural
projection. The representation π on H induces a representation π1 on S as:
(π1(s)f)(γ) = π
Ä
Λ(γ)−1sΛ(s−1γ)
ä
f(s−1γ)(3.3)
where s ∈ S, γ ∈ S/H and f ∈ L2(S/H,H, µ). More precisely, if s−1Λ(γ)
decomposes as
s−1Λ(γ) =
Ä
s−1Λ(γ)
ä
Λ
Ä
s−1Λ(γ)
ä
H
where
Ä
s−1Λ(γ)
ä
Λ
∈ Λ(S/H) and
Ä
s−1Λ(γ)
ä
H
∈ H, then (3.3) has the ex-
pression
(π1(s)f)(γ) = π(
Ä
s−1Λ(γ)
ä−1
H
)f(
Ä
s−1Λ(γ)
ä
Λ
).
The representation π1 is unitary and is called the representation of the group
S induced from π in the sense of Mackey and is denoted by IndSH(π). For
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the cases of interest to us, the groups are very well behaved and satisfy the
requisite properties.
Theorem 3.1. (Mackey theorem, see [46, Ex 7.3.4], [29, III.4.7]) Let S be
a locally compact second countable group and N be an abelian closed normal
subgroup of S. We define the natural action of S on the group of characters
N̂ of the group N by setting
(sχ)(n) := χ(s−1ns), s ∈ S, χ ∈ N̂ , n ∈ N .
Assume that every orbit S · χ, χ ∈ N̂ is locally closed in N̂ . Then for any
irreducible unitary representation π of S, there is a point χ0 ∈ N̂ with Sχ0 its
stabilizer in S, a measure µ on N̂ and an irreducible unitary representation
σ of Sχ0 such that
(1) π = IndSSχ0
(σ),
(2) σ |N= (dim)χ0,
(3) π(x) =
∫“N χ(x)dµ(χ), for any x ∈ N ; and µ is ergodically supported
on the orbit S · χ0.
3.3. Sobolev space and elliptic regularity theorem. Let π be a unitary
representation of a Lie group G with Lie algebra g on a Hilbert space H =
H(π).
Definition 3.2. For k ∈ N, Hk(π) consists of all v ∈ H(π) such that the
H-valued function g → π(g)v is of class Ck (H0 = H). For X ∈ g, dπ(X)
denotes the infinitesimal generator of the one-parameter group of operators
t→ π(exp tX), which acts on H as an essentially skew-adjoint operator. For
any v ∈ H, we also write Xv := dπ(X)v.
We shall call Hk = Hk(π) the space of k-times differentiable vectors for
π or the Sobolev space of order k. The following basic properties of these
spaces can be found, e.g., in [31] and [32]:
(1) Hk = ⋂m≤kD(dπ(Yj1) · · · dπ(Yjm)), where {Yj} is a basis for g, and
D(T ) denotes the domain of an operator on H.
(2) Hk is a Hilbert space, relative to the inner product
〈v1, v2〉G,k : =
∑
1≤m≤k
〈Yj1 · · · Yjmv1, Yj1 · · ·Yjmv2〉+ 〈v1, v2〉
(3) The spacesHk coincide with the completion of the subspaceH∞ ⊂ H
of infinitely differentiable vectors with respect to the norm
‖v‖G,k =
¶
‖v‖2 +
∑
1≤m≤k
‖Yj1 · · · Yjmv‖2
© 1
2 .
induced by the inner product in (2). The subspace H∞ coincides
with the intersection of the spaces Hk for all k ≥ 0.
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(4) H−k, defined as the Hilbert space duals of the spaces Hk, are sub-
spaces of the space E(H) of distributions, defined as the dual space
of H∞.
We write ‖v‖k := ‖v‖G,k and 〈v1, v2〉k := 〈v1, v2〉G,k if there is no confusion.
Otherwise, we use subscripts to emphasize that the regularity is measured
with respect to G.
If G = Rn and H = L2(Rn), the set of square integrable functions on Rn,
then Hk is the space consisting of all functions on Rn whose first s weak
derivatives are functions in L2(Rn). In this case, we use the notationW k(Rn)
instead of Hk to avoid confusion. For any open set O ⊂ Rn, ‖·‖(Cr ,O) stands
for Cr norm for functions having continuous derivatives up to order r on O.
We also write ‖·‖Cr if there is no confusion.
We list the well-known elliptic regularity theorem which will be frequently
used in this paper (see [33, Chapter I, Corollary 6.5 and 6.6]):
Theorem 3.3. Fix a basis {Yj} for g and set L2m =∑Y 2mj , m ∈ N. Then
‖v‖2m ≤ Cm(‖L2mv‖+ ‖v‖), ∀m ∈ N
where Cm is a constant only dependent on m and {Yj}.
Suppose Γ is an irreducible torsion-free cocompact lattice in G. Denote
by Υ the regular representation of G on H(Υ) = L2(G/Γ). Then we have
the following subelliptic regularity theorem (see [20]):
Theorem 3.4. Fix {Yj} in g such that commutators of Yj of length at most
r span g. Also set L2m =
∑
Y 2mj , m ∈ N. Suppose f ∈ H(Υ) or f ∈ E(H).
If L2mf ∈ H(Υ) for any m ∈ N, then f ∈ H∞(Υ) and satisfies
‖f‖ 2m
r
−1 ≤ Cm(‖L2mf‖+ ‖f‖), ∀m ∈ N(3.4)
where Cm is a constant only dependent on m and {Yj}.
Remark 3.5. The elliptic regularity theorem is a general property, while the
subelliptic regularity theorem can’t be applied without extra assumptions.
For example, the assumption G/Γ is essential in the above theorem. In
[20] (3.4) is obtained in a local version. The compactness guarantees the
existence of the uniform constant Cm.
3.4. Direct decompositions of Sobolev space. For any Lie group G of
type I and its unitary representation ρ, there is a decomposition of ρ into a
direct integral
ρ =
∫
Z
ρzdµ(z)(3.5)
of irreducible unitary representations for some measure space (Z, µ) (we refer
to [46, Chapter 2.3] or [29] for more detailed account for the direct integral
theory). All the operators in the enveloping algebra are decomposable with
12 JAMES TANIS AND ZHENQI JENNY WANG1
respect to the direct integral decomposition (3.5). Hence there exists for all
s ∈ R an induced direct decomposition of the Sobolev spaces:
Hs =
∫
Z
Hszdµ(z)(3.6)
with respect to the measure dµ(z).
The existence of the direct integral decompositions (3.5), (3.6) allows us
to reduce our analysis of the cohomological equation to irreducible unitary
representations. This point of view is essential for our purposes.
Before proceeding further with the proof of Theorem 2.6, we list some
important properties of representation of semidirect product SL(2,R)⋉R2
without non-trivial R2-invariant vectors (see [11], [41] and [46]) which will
be frequently used in this paper:
Proposition 3.6. For any unitary representation π of SL(2,R)⋉R2 with-
out non-trivial R2-fixed vectors, where SL(2,R) acts on R2 as the standard
representation, then π |SL(2,R) is tempered, i.e., π |SL(2,R) is weakly contained
in the regular representation of SL(2,R).
The proposition is a special case of Lemma 7.4 in [41], which follows from
Mackey’s theory and Borel density theorem (see [46, Theorem 3.2.5]).
Remark 3.7. It is known that for SL(2,R), the discrete series and principal
series representations are tempered, while the complementary series repre-
sentations are not (see [14]). The above proposition implies that π |SL(2,R)
only contains the principal series and discrete series of SL(2,R). If the
attached space of π is H and H is decomposed into a direct integral as
described in (3.2) of Section 3.1
H =
∫
⊕
Hudµ(u).
then above discussion shows that µ((0, 1)) = 0.
We end this section by a standard result about coboundary equation:
Lemma 3.8. Suppose (π,H) is a unitary representation for a Lie group G
with Lie algebra g and u1, u2 ∈ g with [u1, u2] = 0. Suppose there is no non-
trivial u2-invariant vectors (we call v ∈ H a u2-invariant vector if u2v = 0).
If f, g ∈ H satisfy the coboundary equation u1f = u2g and the equations
u1h = g has a solution h ∈ H2, then h also solves the equation u2h = f .
Proof. From u1h = g we have
u1u2h = u2(u1h) = u2g = u1f,
which implies that u2h = f since there is no non-trivial u2-invariant vectors.

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4. Explicit calculations based on Mackey theory
Recall the context and notations in Section 3.2. Let S be locally compact
and N ⊂ S a normal abelian subgroup with N ∼= Rn. Suppose π is an
irreducible unitary representation of S such that
π |Rn (x) =
∫
Rˆn
χ(x)dµ(χ).(4.1)
We will derive the representations of S from the action of S on N̂ ∼= Rˆn.
4.1. Unitary representations of SL(2,R) ⋉ R2 without non-trivial
R
2-fixed vectors. Write SL(2,R) ⋉ R2 in the form
Ç
a b v1
c d v2
å
, whereÇ
a b
c d
å
∈ SL(2,R) and
Ç
v1
v2
å
∈ R2. The action of SL(2,R) on R2 given by
usual matrix multiplication. The group composition law is
(g1, v1)(g2, v2) = (g1g2, g
−1
2 v1 + v2).(4.2)
The description of representations of SL(2,R) ⋉ R2 appears in [42]. Here
we just briefly quote the results. For any h =
Ç
a b
c d
å
∈ SL(2,R) and
v =
Ç
v1
v2
å
∈ R2, the dual action hˆ on Rˆ2 ∼= R2 is:
hˆ(v) =
Ç
av1 + cv2
bv1 + dv2
å
.
This allows us to completely determine the orbits and the representation the-
ory. The orbits fall into 2 classes: the origin and its complement. Therefore
these SL(2,R)-orbits on ”R4 are locally closed. Then we can apply Theorem
3.1. If µ in (4.1) is supported on the origin, the corresponding irreducible
representation is trivial on R2, and hence the representation factors to a
representation of SL(2,R). If µ is supported on the complement, we choose
a typical vector
Ç
0
1
å
, its stabilizer is isomorphic to the Heisenberg group
N =
{Ç1 x v1
0 1 v2
å
: x, v1, v2 ∈ R
}
.(4.3)
Therefore, any irreducible unitary representation of SL(2,R) ⋉ R2 without
non-trivial R2-fixed vectors is induced from a representation of N :
Lemma 4.1. The irreducible representations of SL(2,R)⋉R2 without non-
trivial R2-fixed vectors are parameterized by t ∈ R and the group action is
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defined by
ρt : SL(2,R)⋉R
2 → B(Ht)
ρt(v)f(x, ξ) = e
(v2x−v1ξ)
√−1f(x, ξ),
ρt(g)f(x, ξ) = e
bt
√−1
x(dx−bξ) f(dx− bξ,−cx+ aξ);
and
‖f‖Ht = ‖f‖L2(R2),
where (g, v) =
(Ça b
c d
å
,
Ç
v1
v2
å )
∈ SL(2,R)⋉R2.
We choose a basis for sl(2,R) as in (3.1) and a basis of R2 to be Y1 =
Ç
1
0
å
and Y2 =
Ç
0
1
å
. Then we get
X = −x∂x + ξ∂ξ, U = tx−2
√−1− ξ∂x, V = −x∂ξ
Y1 = −ξ
√−1, Y2 = x
√−1.
For ρt, if we take the Fourier transformation on ξ (fˆy(x, y) =
1√
2π
∫
R
f(x, ξ)e−iyξdξ),
we get the Fourier model:
X = −I − x∂x − y∂y, U = tx−2
√−1− ∂x∂y
√−1
V = −xy√−1, Y1 = ∂y, Y2 = x
√−1.(4.4)
4.2. Unitary representations of SL(2,R) ⋉ R4 without non-trivial
L1 or L2-fixed vectors. We consider the group SL(2,R) ⋉ R
4 which can
be expressed in the form
Ç
a b u1 v1
c d u2 v2
å
, where
Ç
a b
c d
å
∈ SL(2,R) andÇ
u1 v1
u2 v2
å
∈ R4. Let L1 =
Ç
v1
v2
å
and L2 =
Ç
u1
u2
å
, which are isomorphic to
R
2. The actions of SL(2,R) on L1 and L2 are the standard representations
of SL(2,R) on R2, as described by (4.2). We choose a basis of sl(2,R) as in
(3.1), and a basis of R4 to be
Y1 =
Ç
1 0
0 0
å
, Y2 =
Ç
0 0
1 0
å
Y3 =
Ç
0 1
0 0
å
Y4 =
Ç
0 0
0 1
å
.
For any h =
Ç
a b
c d
å
∈ SL(2,R), u =
Ç
u1
u2
å
∈ R2 and v =
Ç
v1
v2
å
∈ R2, the
dual action hˆ on Rˆ4 ∼= R4 is:
hˆ(u, v) =
(Ç
au1 + cu2
bu1 + du2
å
,
Ç
av1 + cv2
bv1 + dv2
å)
.(4.5)
This allows us to completely determine the orbits and the representation
theory. The orbits fall into five classes:
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O1 = {(0, 0)},
O2 = {(0, v) : v 6= 0},
O3 = {(u, 0) : u 6= 0},
O4 = {(u, su) : u 6= 0} with s 6= 0,
O5 = {(u, v) : det(u, v) = s} with s 6= 0.
Therefore these SL(2,R)-orbits on ”R4 are locally closed. Then we can ap-
ply Theorem 3.1. For O1, the corresponding irreducible representation is
trivial on R4, and hence the representation factors to a representation of
SL(2,R). For O2 and O3, the corresponding irreducible representations fac-
tor to representations of SL(2,R) × R2: for O2, corresponding irreducible
representation is trivial on L2, and for O3, the corresponding irreducible
representation is trivial on L1. Then we just need to focus on O4 and O5.
For O4, we choose a typical point
Ç
0 0
1 s
å
, then its stabilizer for the dual
action is:
N1 =
{Ç1 x u1 v1
0 1 u2 v2
å
: x, v1, v2, u1, u2 ∈ R
}
.
Compare N1 with the stabilizer N in (4.3). It is easy to see that for any
irreducible representation determined determined by O4, its restrictions on
SL(2,R) ⋉ Li, i = 1, 2 are also irreducible representations without non-
trivial Li-fixed vectors. Then by Lemma 4.1, we get the first class of irre-
ducible representations of SL(2,R)⋉R4 without non-trivial L1 or L2-fixed
vectors:
Lemma 4.2. These representations are parameterized by t ∈ R and s ∈ R∗;
and the group action is defined by
ρt,s : SL(2,R)⋉R
4 → B(Ht)
ρt,s(u, v)f(x, ξ) = e
(u2x−u1ξ)
√−1e(v2x−v1ξ)s
√−1f(x, ξ),
ρt,s(g)f(x, ξ) = e
bt
√−1
x(dx−bξ) f(dx− bξ,−cx+ aξ);
and
‖f‖Ht,s = ‖f‖L2(R2),
where (g, u, v) =
(Ça b
c d
å
,
Ç
u1
u2
å
,
Ç
v1
v2
å )
∈ SL(2,R) ⋉R4.
Then we get
X = −x∂x + ξ∂ξ, U = tx−2
√−1− ξ∂x, V = −x∂ξ
Y1 = −ξ
√−1, Y2 = x
√−1 Y3 = −sξ
√−1, Y4 = sx
√−1.
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For ρt,s, if we take the Fourier transformation on ξ (fˆy(x, y) =
1√
2π
∫
R
f(x, ξ)e−iyξdξ),
we get the Fourier model:
X = −I − x∂x − y∂y, U = tx−2
√−1− ∂x∂y
√−1
V = −xy√−1, Y1 = ∂y, Y2 = x
√−1,
Y3 = s∂y, Y4 = sx
√−1.(4.6)
For O5, the stabilizer of a typical point
Ç
0 s
1 0
å
for the dual action is:
N =
{Ç1 0 u1 v1
0 1 u2 v2
å
: x, v1, v2, u1, u2 ∈ R
}
.
Note that SL(2,R)⋉R4/N is isomorphic to SL(2,R). We choose a Borel sec-
tion Λ : SL(2,R)⋉R4/N → SL(2,R) given by Λ(x, ξ, z) =
Ç
x xz
ξ x−1 + ξz
å
.
The action of the group on the cosets is
g−1Λ(x, ξ, z) = Λ
(
dx− bξ, aξ − cx, z − bx
−1
dx− bξ
)
(u′, v′)
where g =
Ç
a b u1 v1
c d u2 v2
å
, u′ = −Λ(x, ξ, z)−1
Ç
a b
c d
åÇ
u1
u2
å
and v′ =
−Λ(x, ξ, z)−1
Ç
a b
c d
åÇ
v1
v2
å
.
Then by using Theorem 3.1 we get the second class of irreducible repre-
sentations of SL(2,R)⋉R4 without non-trivial L1 or L2-fixed vectors:
Lemma 4.3. The group action is defined by
ρs : SL(2,R)⋉R
4 → B(Hs)
ρs(u, v)f(x, ξ, z) = e
(xu2−ξu1+sv1x−1+sv1ξz−sxzv2)
√−1f(x, ξ, z),
ρs(g)f(x, ξ, z) = f
(
dx− bξ, aξ − cx, z − bx
−1
dx− bξ
)
;
and
‖f‖Hs = ‖f‖L2(R3),
where g =
Ç
a b
c d
å
, u =
Ç
u1
u2
å
and v =
Ç
v1
v2
å
.
Computing derived representations, we get
X = −x∂x + ξ∂ξ, V = −x∂ξ, U = −ξ∂x − x−2∂z,
Y1 = −ξ
√−1, Y2 = x
√−1,
Y3 = (sx
−1 + sξz)
√−1, Y4 = −sxz
√−1.
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If we take the Fourier transformation on ξ (fˆy(x, y, z) =
1√
2π
∫
R
f(x, ξ, z)e−iyξdξ),
we get the Fourier model:
X = −I − x∂x − y∂y, V = −xy
√−1, U = −∂xy
√−1− x−2∂z,
Y3 = −zs∂y +
√−1sx−1, Y4 = −sxz
√−1
Y2 = x
√−1, Y1 = ∂y.(4.7)
5. Sobolev estimates for solutions of cohomological equations
5.1. Coboundary for classical horocycle map. For the classical horocy-
cle map defined by the sl(2,R)-matrix U =
Ç
0 1
0 0
å
, there is a classification
of the obstructions to the solution of the cohomological equation established
by the first author [38]. That is, for any F ∈ H∞, we know precisely the
condition under which the equation
LUf = F(5.1)
has a solution f . Let
EU (H) = {D ∈ E(H) : LUD = D} and H−kU = {D ∈ H−k : LUD = D}.
Theorem 5.1. ([38]) Suppose π has a spectral gap of u0 (defined at the end
of Section 3.1). For any s ≥ 0 there is a constant Cs,u0 > 0 such that for all
g ∈ H−(3s+4)U , there is a unique solution f ∈ H to the cohomological equation
LUf = F , which satisfies
‖f‖s ≤ Cs,u0‖g‖3s+4.
Remark 5.2. In [39], we have refined each step of the argument in [38],
which improves upon the estimates in [38] both with respect to the time step
and loss of regularity. More precisely, we get the following: for any s > 0
and ǫ > 0 there is a constant Cs,ǫ,u0 > 0 such that for all g ∈ H−(2s+1+ǫ)U ,
there is a unique solution f ∈ H to the cohomological equation LUf = F ,
which satisfies
‖f‖s ≤ Cs,ǫ,u0‖g‖2s+1+ǫ.(5.2)
Generally, for the cohomological equation (5.1), the existence of a bonafide
solution for a smooth coboundary doesn’t necessarily imply the existence of
a smooth solution. The next result shows that under certain conditions, the
solution is automatically smooth.
Theorem 5.3. [38] Suppose π has a spectral gap of u0. Suppose F ∈ H∞
and there is f ∈ H such that LUf = F . Then
(1) if there is h ∈ H∞ such that Uh = F , then f ∈ H∞;
(2) if π only contains the principal series or complementary series, then
f ∈ H∞.
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Remark 5.4. In fact, the above theorem applies to any irreducible unita-
rizable representations of sl(2,R); that is, those representations that arise
as the derivatives of irreducible unitary representations of some Lie group
whose Lie algebra is sl(2,R). In fact, all such representations can be realized
from irreducible unitary representations of some finite cover of SL(2,R). In
turn, all of these are unitarily equivalent to irreducible representations of
SL(2,R) itself [14].
5.2. Coboundary for unipotent maps in any Lie group G. At the
beginning of the section we recall the following direct consequence of the
well known Howe-Moore theorem on vanishing of the matrix coefficients at
infinity [13]: if G is a simple Lie group with finite center and ρ is a unitary
representation of G without a non-zero G-invariant vector andM is a closed
non-compact subgroup of G, then ρ has no M -invariant vector.
We take notations in Section 3 and 3.3. We present two technical re-
sults in this part, which are suggested by L. Flaminio. Lemma 5.5 and the
“centralizer trick” in Proposition 5.7 will pay a key role in next section.
Lemma 5.5. Suppose G is a simple Lie group and (π,H) contains no non-
trivial G-fixed vectors. Also suppose {exp(nu)}n∈Z is a non-compact sub-
group for some u ∈ g. For any v1, v2 ∈ H, if there exists Y ∈ U(g),
where U(g) is the universal enveloping algebra of g, such that 〈v1, Luh〉 =
〈v2, Y Luh〉 for any h ∈ H∞, then v1 = Y ′v2, where Y ′ is the adjoint element
of Y in U(g).
Proof. Set Hu = {exp(nu)}n∈Z. Thanks to Howe-Moore, we see that π has
no non-trivial Hu-invariant vectors. Since the orthogonal complement of
Lu-coboundary are the Hu-invariant vectors, which are zero, we see that
v1 = Y
′v2. 
Definition 5.6. Suppose u ∈ g is a nilpotent element. The Jacobson-
Morosov theorem asserts the existence of an element u′ ∈ g such that
{u, u′, [u, u′]} span a three-dimensional Lie algebra gu isomorphic to sl(2,R).
Set Gu to be the connected subgroup in G with Lie algebra spanned by
{u, u′, [u, u′]}.
Since G has finite center, Gu is isomorphic to a finite cover of PSL(2,R).
We have the following result which can be viewed as an extension of Theorem
5.1 and Remark 5.2.
Proposition 5.7. Suppose there is a spectral gap of u0 for (π |Gu , H).
Suppose g ∈ H2s+2, s ≥ 0 and D(g) = 0 for all D ∈ H−(2s+2)u . Fix a norm
| · | on g. Set
Nu = {Y ∈ g : |Y | ≤ 1 and [Y, u] = 0}.
Then the cohomological equation Luf = g has a solution f ∈ H which
satisfies the Sobolev estimates
‖Y mf‖Gu,t ≤ Cu0,m,s,t‖g‖2t+m+2, ∀Y ∈ Nu(5.3)
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if 2t+m < 2s.
Proof. As a direct consequence of Theorem 5.1, Remark 5.4 and Remark
5.2, we see that the cohomological equation Luf = g has a solution f ∈ H
with estimates
‖f‖Gu,t ≤ Cs,t,u0‖g‖Gu,2s+2, ∀ t ≤ s.(5.4)
As a first step to get the Sobolev estimates along Nu, we prove the following
fact: (∗) if D ∈ H−ku then YD ∈ H−k−1u for any Y ∈ Nu.
By definition YD(h) = −D(Y h) for any h ∈ H∞. Then
(YD)(Luh) = −D(Y Luh) = −D(LuY h) = 0,
which proves Fact (∗).
For any Y ∈ Nu, from Fact (∗) we see that D(Y g) = 0 for any D ∈
H−(2s+2)+1u . Then Theorem 5.1 and Remark 5.4 imply that the equation
Luf1 = Y g has a solution f1 ∈ H with sobolev estimates
‖f1‖Gu,t ≤ Cs,t,u0‖Y g‖Gu,2t+2 ≤ Cs,t,u0‖g‖2t+3, ∀ t < s−
1
2
.(5.5)
On the other hand, for any h ∈ H∞ we have
〈f1,L−uh〉 = 〈Luf1, h〉 = 〈Y g, h〉 = −〈g, Y h〉 = −〈Luf, Y h〉
= −〈f, L−uY h〉 = −〈f, Y L−uh〉.
By assumption there is no non-trivial G-invariant vectors. By Lemma 5.5,
we get f1 = Y f .
From (5.4) and (5.5) we have
‖Y f‖Gu,t = ‖f1‖Gu,t ≤ Cs,t,u0‖g‖2t+3, ∀ t < s−
1
2
.
Then we just proved (5.3) when m = 1. By induction suppose (5.3) holds
when m ≤ k < 2s. Next we will prove the case when m = k + 1 < 2s. Fact
(∗) shows that D(Y k+1g) = 0 for all D ∈ H−(2s+2)+k+1u . Then it follows
from Theorem 5.1 and Remark 5.4 that the equation
Lufk+1 = Y k+1g
has a solution fk+1 ∈ H with Sobolev estimates
‖fk+1‖Gu,t ≤ Cs,t,u0‖Y k+1g‖Gu,2t+2 ≤ Cs,t,u0‖g‖2t+k+3(5.6)
if 2t+ k + 3 < 2s + 2. On the other hand, for any h ∈ H∞ we have
〈fk+1,L−uh〉 = 〈Lufk+1, h〉 = 〈Y k+1g, h〉 = (−1)k+1〈g, Y k+1h〉
= (−1)k+1〈Luf, Y k+1h〉 = (−1)k+1〈f, Y k+1L−uh〉
= −〈Y kf, Y L−uh〉.
Here we used the assumption that Y kf ∈ H. This shows that
Y k+1f = fk+1
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by Lemma 5.5. From (5.4) and (5.6) we have
‖Y k+1f‖Gu,t = ‖fk+1‖Gu,t ≤ Cs,t,u0‖g‖2t+k+3
if 2t+ k+1 < 2s. Then we proved the case when m = k+1 and thus finish
the proof. 
5.3. Coboundary for the unipotent map in irreducible component
of G = SL(2,R) ⋉ R2. In this section we take notations in Section 4.1. In
this part, we will prove the following:
Theorem 5.8. For any irreducible representation (ρt, Ht) of SL(2,R)⋉R2,
here we consider the Fourier model, then we have:
(a) if the cohomological equation LV f = g has a solution f ∈ Hst , s > 6,
then f satisfies the following estimates:
‖f‖r ≤ Cr‖g‖2r+6, ∀ 0 ≤ r ≤ s− 6
2
.
(b) if g ∈ H∞t and for any n ∈ Z, limy→ 2nπ
x
g(x, y) = 0 for almost all
x ∈ R, then the cohomological equation LV f = Y2g has a solution
f ∈ H∞t satisfying
‖f‖s ≤ Cs‖g‖2s+6, ∀ s ≥ 0.
(c) if g ∈ H∞t and the cohomological equation LV f = g has a solution
f ∈ Ht, then f ∈ (Ht)∞SL(2,R) and Y2f ∈ H∞t .
(d) if g ∈ H∞t and the cohomological equation LV f = g has a solution
f ∈ Ht, then Y1f ∈ Ht and Y2Y1f ∈ H∞t .
(e) if g ∈ H∞t and the cohomological equation LV f = g has a solution
f ∈ Ht, then f ∈ H∞t and satisfies
‖f‖s ≤ Cs‖g‖2s+6, ∀ s ≥ 0.
Remark 5.9. The purpose of Theorem 5.8 and (1) of Lemma 5.20 is a
preparation to prove that the solution f in Theorem 2.1 is a smooth vector.
As we will see in the next section, G is built of subgroups isomorphic to
SL(2,R)⋉R2 and SL(2,R)× R containing {exp(tv)}t∈R.
Also note that G is generated by subgroups isomorphic to SL(2,R)⋉R2.
Then Corollary 5.18 shows that f is smooth on these semidirect products.
Specially, if Γ is cocompact andH = L20(G/Γ), the space of square integrable
functions on G/Γ with zero average, then the global smoothness of f is a
direct consequence of subelliptic regularity theorem on compact manifolds
(see Theorem 3.4).
The subsequent discussion will be devoted to the proof of this theorem.
Recall notations in Section 3.3.
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Definition 5.10. For any function f(x, y) on R2 and any x ∈ R, we asso-
ciate a function fx defined on R by fx(y) = f(x, y). Then for any function
f(x1, · · · , xn) on Rn and (xk1 , · · · , xkm) ∈ Rm, fxk1 ,··· ,xkm is an obviously
defined function on Rn−m.
The following lemma gives the necessary condition under which there
exists a solution to the cohomological equation LV f = g in each irreducible
component (ρt, Ht):
Lemma 5.11. Suppose g ∈ Ht and Y1g ∈ Ht. We use the Fourier model.
Then:
(1) if the cohomological equation LV f = g has a solution f ∈ Ht, then
for any n ∈ Z, limy→ 2nπ
x
g(x, y) = 0 for almost all x ∈ R.
(2) if Y i1 g ∈ Ht, i = 1, 2 and for any n ∈ Z, limy→ 2nπ
x
g(x, y) = 0 for
almost all x ∈ R, then f(x, y) = g(x,y)x
e−xy
√−1−1 ∈ Ht with the estimate
‖f‖ ≤ C(‖g‖+ ‖Y1g‖+ ‖Y 21 g‖).
Proof. Proof of (1) For any h(x, y) ∈ L2(R2) denote by Ωh ⊂ R a full
Lebesgue measure set such that hx ∈ L2(R) for any x ∈ Ωh. Using (4.1) of
Lemma 4.1, the equation LV f = g has the expression:
f(x, y)(e−xy
√−1 − 1) = g(x, y)
which shows that
f(x, y) =
g(x, y)
e−xy
√−1 − 1 .(5.7)
The Sobolev imbedding theorem shows that for any x ∈ Ωg ⋂ΩY1g, gx are
continuous functions. Then (5.7) implies that for any x ∈ Ωg ⋂ΩY1g\0 and
any n ∈ Z, limy→ 2nπ
x
g(x, y) = 0.
Proof of (2) Let
In,x = (
2nπ
x
− 2π
3|x| ,
2nπ
x
+
2π
3|x| ) and Jn,x = [
2nπ
x
− 2π
3
,
2nπ
x
+
2π
3
].
Set
A1 =
¶
(x, y) ∈ R2 : x 6= 0, y ∈
⋃
n∈Z
[
2nπ
x
+
2π
3|x| ,
2nπ
x
+
4π
3|x| ]
©
;
A2 =
¶
(x, y) ∈ R2 : |x| ≥ 1, y ∈
⋃
n∈Z
In,x
©
;
A3 =
¶
(x, y) ∈ R2 : 0 < |x| < 1, y ∈
⋃
n∈Z
In,x\Jn,x
©
;
A4 =
¶
(x, y) ∈ R2 : 0 < |x| < 1, y ∈
⋃
n∈Z
Jn,x
©
.
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For any (x, y) ∈ A1, then
|f(x, y)| = |(Y2g)(x, y)||e−xy√−1 − 1| ≤ 4|(Y2g)(x, y)|,
which implies that∫
A1
|f(x, y)|2dydx ≤ 4
∫
A1
|(Y2g)(x, y)|2dydx ≤ 4‖Y2g‖.(5.8)
Set hn(t) =
t−2nπ
e−t
√−1−1 for any t ∈ R. We can write
f(x, y) =
√−1 g(x, y)
y − 2nπx
· hn(xy).(5.9)
If (x, y) ∈ A3, then there exists n ∈ Z such that y ∈ In,x\Jn,x, which implies
that |y − 2nπx | ≥ 2π3 . By (5.9) we have
|f(x, y)| =
∣∣∣∣∣ g(x, y)y − 2nπx
∣∣∣∣∣ · |hn(xy)| ≤ C|g(x, y)|.
This shows that ∫
A3
|f(x, y)|2dydx ≤ C
∫
A3
|g(x, y)|2dydx.(5.10)
For any n ∈ Z and x ∈ ⋂2i=0 ΩY i1 g we have
f(x, y) =
√−1 g(x, y)
y − 2nπx
· hn(xy)
=
√−1g(x, y) − g(x,
2nπ
x )
y − 2nπx
· hn(xy)
(1)
=
√−1
∫ 1
0
∂yg
Ä
x, ty + (1− t)2nπ
x
ä
dt · hn(xy)
=
√−1
∫ 1
0
(Y1g)x
Ä
ty + (1− t)2nπ
x
ä
dt · hn(xy).(5.11)
(1) holds since Sobolev embedding theorem implies that gx ∈ C1(R) for any
x ∈ ⋂2i=0ΩY i1 g. Then for any x ∈ ⋂2i=0 ΩY i1 g and y ∈ In,x we have
|fx(y)|
(1)
≤ C‖(Y1g)x‖C0(In,x)
(2)
≤ C‖(Y1g)x‖W 1(In,x).(5.12)
Here (1) holds since hn are uniformly bounded on In,x for any n ∈ Z; (2)
uses the Sobolev embedding theorem.
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Using (5.12), we have∫
A2
|f(x, y)|2dydx =
∫
|x|≥1
Ä∑
n∈Z
∫
In,x
|f(x, y)|2dy
ä
dx
≤
∫
|x|≥1
Ä∑
n∈Z
∫
In,x
C‖(Y1g)x‖2W 1(In)dy
ä
dx
(1)
=
∫
|x|≥1
Ä∑
n∈Z
C|In,x| · ‖(Y1g)x‖2W 1(In,x)
ä
dx
≤
∫
|x|≥1
Ä∑
n∈Z
4π
3
C‖(Y1g)x‖2W 1(In,x)
ä
dx
≤
2∑
i=0
C‖Y i1g‖2L2(A2).(5.13)
Here in step (1) |In,x| denotes the length of interval In,x.
Using (5.12) again, we also have∫
A4
|f(x, y)|2dydx =
∫
|x|<1
Ä∑
n∈Z
∫
Jn,x
|f(x, y)|2dy
ä
dx
≤
∫
|x|<1
Ä∑
n∈Z
∫
Jn,x
C‖(Y1g)x‖2W 1(Jn,x)dy
ä
dx
=
∫
|x|<1
Ä∑
n∈Z
4π
3
C‖(Y1g)x‖2W 1(Jn,x)
ä
dx
≤ C(
2∑
i=0
‖Y i1g‖2L2(A4)).(5.14)
It is clear that R2\(⋃4i=1Ai) is a 0-measure set with respect to the Lebesgue
measure. Then (5.8), (5.13), (5.10) and (5.14) imply the conclusion.

Let G′ denote the subgroup
Ç
a 0 v1
c a−1 v2
å
, where a ∈ R+ and c, v1, v2 ∈
R. Then the Lie algebra of G′ is generated by X, V , Y1 and Y2. The next
result is a crucial step in proving Theorem 5.8. We list two facts which will
be used in the proof.
Fact 5.12. (Lemma 6.9 of [42]) For any irreducible component (ρt, Ht)
of SL(2,R) ⋉ R2 under the Fourier model, if g ∈ (Ht)sG′ , s > 10 and
limy→0 g(x, y) = 0 for almost all x ∈ R, then the cohomological equation
LV f = Y2g has a solution f ∈ (Ht)s−10G′ with the estimate
‖f‖G′,r ≤ Cs‖g‖G′,r+3, 0 ≤ r ≤ s− 13.
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Fact 5.13. It is easy to check the following fact: for any s > 0, any Schwartz
function h ∈ S(R) and any q ∈ (Ht)G′,s, we have∥∥∥q(x, y)h(xy)∥∥∥
G′,s
≤ Ch,s
∥∥∥q(x, y)∥∥∥
G′,s
.
Lemma 5.14. For any irreducible component (ρt, Ht) of SL(2,R) ⋉ R2
under the Fourier model, if g ∈ (Ht)sG′ , s > 10 and for any n ∈ Z,
limy→ 2nπ
x
g(x, y) = 0 for almost all x ∈ R, then the cohomological equation
LV f = Y2g has a solution f ∈ (Ht)s−10G′ with the estimate
‖f‖G′,r ≤ Cs‖g‖G′,r+3, 0 ≤ r ≤ s− 13.
Furthermore, if g ∈ (Ht)∞G′ , then f ∈ (Ht)∞G′ .
Proof. Let f(x, y) = g(x,y)·x
√−1
e−xy
√−1−1 . (2) of Lemma 5.11 shows that f ∈ Ht.
Recall relations in (4.1). We see that f is a solution of the equation LV f =
Y2g. Next, we will give the Sobolev estimates of the solution on G
′. We
assume notations in proof of Lemma 5.11.
Sobolev estimates along Y2 and V . Note that for any m ≤ s− 2,
(Zmf)(x, y) =
(Zmg)(x, y) · x√−1
e−xy
√−1 − 1
where Z stands for Y2 or V ; and for any n ∈ Z, limy→ 2nπ
x
(Zmg)(x, y) = 0
for almost all x ∈ R. Then it follows from (2) of Lemma 5.11 that
‖Zmf‖ ≤ C‖Zmg‖G′,2 ≤ C‖g‖G′,m+2, ∀m ≤ s− 2.(5.15)
Sobolev estimates along Y1. Note that
Y n1 f(x, y) =
n∑
i=0
(n− i)!
Ç
n
i
å
(Y n−i+12 Y
i
1g)(x, y)
(e−xy
√−1 − 1)n−i+1(5.16)
Then for any (x, y) ∈ A1 and n ≤ s− 1, we have
|Y n1 f(x, y)| ≤
∑
0≤i≤n
Cn|(Y n−i+12 Y i1 g)(x, y)|.
This shows that ∫
A1
|Y n1 f(x, y)|2dydx ≤ Cn‖g‖2G′,n+1.(5.17)
We also note that
Y n1 f(x, y) =
∑
l+i+j=n
(−1)i+j(√−1)i+1xi+1j!
Ç
n
l, i, j
å
(Y l1g)(x, y)
(y − 2mπx )j+1
· h(i)m (xy)
=
∑
l+i+j=n
(−1)i+jj!
Ç
n
l, i, j
å
(Y i+12 Y
l
1g)(x, y)
(y − 2mπx )j+1
· h(i)m (xy).
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If (x, y) ∈ A3, there exist some m ∈ Z, such that y ∈ Im,x\Jm,x. Then for
any n ≤ s− 1, we have
|Y n1 f(x, y)| ≤
∑
0≤i+l≤n
Cn|(Y i+12 Y l1g)(x, y)|.
We get this estimate by noting that for any i, h
(i)
m are uniformly bounded
on Im,x for any m ∈ Z.
This shows that if n ≤ s− 1, then∫
A3
Y n1 f(x, y)|2dydx ≤ Cn‖g(x, y)‖2G′ ,n+1.(5.18)
Using (5.11), for any n < s− 2, m ∈ Z, x ∈ ⋂n+2i=0 ΩY i1 g and y ∈ Im,x we also
have
Y n1 f(x, y)
(1)
=
∑
0≤i≤n
Ç
n
i
å ∫ 1
0
(Y n−i+11 g)x
Ä
ty + (1− t)2mπ
x
ä
·tn−idt
· h(i)m (xy) · xi
=
∑
0≤i≤n
Ç
n
i
å ∫ 1
0
(Y i2Y
n−i+1
1 g)x
Ä
ty + (1− t)2mπ
x
ä
·tn−idt
· (√−1)−ih(i)m (xy).(5.19)
The differentiation under the integral sign in (1) is justified by the fact that
(Y n−i+11 g)x ∈ C0(R) for any 0 ≤ i ≤ n, which is guaranteed by Sobolev
embedding theorem.
Then for any y ∈ Im,x we have
|Y n1 f(x, y)| ≤ Cn
∥∥∥∥ ∑
0≤i≤n
(Y i2Y
n−i+1
1 g)x
∥∥∥∥
C0(Im,x)
(1)
≤ Cn
∥∥∥∥ ∑
0≤i≤n
(Y i2Y
n−i+1
1 g)x
∥∥∥∥
W 1(Im,x)
.(5.20)
Here (1) is from the Sobolev embedding theorem.
By using (5.20), if |x| ≥ 1 (resp. |x| < 1), in (5.13) (resp. (5.14))
substituting f with Y n1 f and (Y1g)x with
∑
0≤i≤n(Y i2Y
n−i+1
1 g)x we get∫
Al
|Y n1 f(x, y)|2dydx ≤ Cn
∑
0≤j≤1
∑
0≤i≤n
‖Y j1 Y i2Y n−i+11 g‖2L2(Al)
where l = 2 or 4 for any n < s− 2.
The above estimates together with (5.17), (5.18) imply that
‖Y n1 f‖ ≤ Cn‖g‖G′,n+2, ∀n ≤ s− 2.(5.21)
Sobolev estimates along X. Let p be a smooth function on R satisfying:
p(x) = 1 if |x| ≤ π and p(x) = 0 if |x| ≥ 3π2 . We note that
V
Ä
f(x, y)p(xy)
ä
= −√−1Y2g(x, y) · h0(xy)p(xy).
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It follows from Fact (5.13) that∥∥∥g(x, y)h0(xy)p(xy)∥∥∥
G′,t
≤ Cn
∥∥∥g(x, y)∥∥∥
G′,t
, 0 ≤ t ≤ s.
By Fact 5.12 and above estimates, for any 0 ≤ n ≤ s− 13 we get∥∥∥∥XnÄf(x, y)p(xy)ä∥∥∥∥ ≤ Cn∥∥∥g(x, y)h0(xy)p(xy)∥∥∥G′,n+3
≤ Cn
∥∥∥g(x, y)∥∥∥
G′,n+3
.
Hence we immediately have∫
|xy|≤π
2
|Xnf(x, y)|2dydx ≤ Cn
∥∥∥g(x, y)∥∥∥
G′,n+3
(5.22)
for any 0 ≤ n ≤ s− 13.
If |xy| > π2 , by the change of variable (ω, Y ) = (yx−1, yx), the new model
is Ht = L2(R2, µ), where dµ = |2ω|−1dωdY . Note that |xy| > π2 implies that|Y | > π2 . Set A = {(ω, Y ) : |Y | > π2 }. The vector fields in the new model
are:
V = −Y√−1, X = −I − 2Y ∂Y .(5.23)
Set In = {Y ∈ R : |Y − 2πn| < π2 } and Z = Y ∂Y . Let J = R\
⋃
In. Note
that in the new model, for any n ≤ s− 1, we have
(Znf)(ω, Y ) =
n∑
i=0
(−1)n−i(n− i)!
Ç
n
i
å
(V n−iZiY2g)(ω, Y )
(e−Y
√−1 − 1)n−i+1 .
Then it follows that∫
J
|(Znf)(ω, Y )|2dµ ≤ Cn‖g‖2G′,n+1,(5.24)
for any n ≤ s− 1.
Note that on any set B ⊆ A, we have∫
B
|∂nY g(ω, Y )|2dωdY ≤ C
∥∥∥Zng∥∥∥(5.25)
for any 0 ≤ n ≤ s. The similar to (5.11), we can write
f(ω, Y ) =
Y2g(ω, Y )
e−Y
√−1 − 1 =
Y2g(ω, Y )
Y − 2πm · hm(Y )
=
∫ 1
0
∂Y (Y2g)
Ä
ω, tY + (1− t)2mπ
ä
dt · hm(Y ),
for (ω, Y ) ∈ A and any m 6= 0. Set lm,t,Y = tY + (1− t)2mπ.
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Using (5.25), similar to (5.19), for any n < s− 2, m 6= 0, ω ∈ ⋂n+2i=0 ΩZig
and Y ∈ Im we also have Then we have Then
(Znf)(ω, Y ) =
n∑
i=0
Ç
n
i
å ∫ 1
0
∂i+1Y (Y2g)
Ä
ω, lm,t,Y
ä
tiY ndt · h(n−i)m (Y )
=
n∑
i=0
(
√−1)n−i
Ç
n
i
å ∫ 1
0
(V n−iZi+1Y2g)
Ä
ω, lm,t,Y
ä
ti
Y n
(lm,t,Y )n+1
dt · h(n−i)m (Y ).
Then it follows that
|(Znf)(ω, Y )|
(1)
≤ Cn
∑
0≤i≤n
∥∥∥∥(V n−iZi+1Y2g)ω∥∥∥∥
C0(Im)
(2)
≤ Cn
∑
0≤i≤n
∥∥∥∥(V n−iZi+1Y2g)ω∥∥∥∥
W 1(Im)
(3)
≤ Cn
∑
0≤i≤n
∑
0≤j≤1
∥∥∥∥(ZjV n−iZi+1Y2g)ω∥∥∥∥.
(1) holds since for any i and n, him(Y ) and
Y n
(lm,t,Y )n+1
are uniformly bounded
on Im for any m 6= 0. In (2) we use Sobolev imbedding theorem again. In
(3) we use (5.25).
Hence, for any m 6= 0 we get∫
Im
|(Znf)(ω, Y )|2dµ ≤ Cn|Im|
∑
0≤i≤n
∑
0≤j≤1
∫
Im
∣∣∣∣(ZjV n−iZi+1Y2g)(ω, Y )∣∣∣∣2dµ.
This implies that∫⋃
m6=0 Im
|Znf(ω, Y )|2dµ
≤ Cn
∑
0≤i≤n
∑
0≤j≤1
∫⋃
m6=0 Im
∣∣∣∣(ZjV n−iZi+1Y2g)(ω, Y )∣∣∣∣2dµ
≤ Cn‖g‖G′,n+2(5.26)
for any 0 ≤ n < s− 2. Then (5.24) and (5.26) imply that∫
|Y |≥π
2
|Xnf(X,Y )|2dµ ≤ Cn‖g‖G′,n+2
for any n < s− 2.
The above estimates together with (5.22) show that
‖Xnf‖ ≤ Cn‖g‖G′,n+3(5.27)
for any 0 ≤ n ≤ s− 13.
Thus the results follow immediately from (5.15), (5.21) and (5.27). 
We are now in a position to proceed with the proof of Theorem 5.8. We
list a fact which will be used in the proof.
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Fact 5.15. (Theorem 6.6 of [42]) For any irreducible component (ρt, Ht) of
SL(2,R)⋉R2 (see Lemma 4.1), if g ∈ H∞t and the cohomological equation
V f = g has a solution f ∈ Ht, then f ∈ H∞t and satisfies
‖f‖s ≤ Cs‖g‖s+5, ∀ s ≥ 0.
Furthermore, if t 6= 0, and if limy→0 g(x, y) = 0 for almost all x ∈ R, then
the cohomological equation V f = g has a solution f ∈ Ht; if t = 0, then ρ0
only contains principal series.
5.4. Proof of Theorem 5.8. Proof of (a). Since f ∈ Hst , immediately
we see that D(g) = 0 for all D ∈ (Ht)−s+1u . Note that [V, Y2] = 0. By using
Proposition 5.7 we get the estimates
‖Y m2 f‖SL(2,R),s < Cs,m‖g‖2s+m+2, ∀ s ≥ 0.(5.28)
Note that the constants Cs,m are independent of the parameter t since all
ρt |SL(2,R) are outside a fixed neighborhood the trivial representation in the
sense of Fell topology by Remark 3.7.
Since f ∈ Ht and g ∈ Hst , s > 1, it follows from (1) of Lemma 5.11 that
for any n ∈ Z, limy→ 2nπ
x
g(x, y) = 0 for almost all x ∈ R. Note that
Y2(LV f) = LV (Y2f) = Y2g.
By using (5.21) we get the estimates
‖Y2f‖G′,r ≤ Cs‖Y2g‖G′,r+2 ≤ Cs‖g‖G′,r+3,
for 0 ≤ r ≤ s− 3. From above estimates and (5.28), by using Theorem 3.3
we see that Y2f satisfies the estimates
‖Y2f‖r ≤ Cr‖g‖2r+4,(5.29)
for any r ≤ s−42 . Note that
Y1ρt(expV )f = ρt(exp V )(Y1 − Y2)f.
Then for any m ∈ N:
Y m1 (LV f) = ρt(expV )(Y1 − Y2)mf − Y m1 f
= LV (Y m1 f) +
∑
1≤j≤m
(−1)j
Ç
m
j
å
ρt(expV )(Y
m−j
1 Y
j
2 f).
This shows that
LV (Y m1 f) = Y m1 g −
∑
1≤j≤m
(−1)j
Ç
m
j
å
ρt(expV )(Y
m−j
1 Y
j
2 f).(5.30)
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This gives the Sobolev estimates of f along Y1:
‖Y m1 f‖
(1)
≤ C ‖ Y m1 g −
∑
1≤j≤m
(−1)j
Ç
m
j
å
ρt(expV )(Y
m−j
1 Y
j
2 f) ‖2
≤ C‖g‖m+2 + Cm‖Y2f‖m+1
(2)
≤ Cm‖g‖2m+4,(5.31)
for any m ≤ s−42 . (1) follows from Theorem 5.1 and Remark 5.2; and (2)
holds because of (5.29). As an immediate consequence of (5.28), (5.31) and
Theorem 3.3 we get
‖f‖r ≤ Cr‖g‖2r+6,
for any r ≤ s−62 , which proves (a).
Proof of (b). It follows from Lemma 5.14 that f ∈ (Ht)∞G′ . Note that
the assumption implies that limy→0 g(x, y) = 0 for almost all x ∈ R. Then
Fact 5.12 shows that equation V h = Y2g has a solution h ∈ H∞t . Hence by
Theorem 5.3, f ∈ (Ht)∞SL(2,R). Since the linear span of the Lie algebras of G′
and SL(2,R) cover the Lie algebra of SL(2,R)⋉R2, by using Theorem 3.3 we
see that f ∈ H∞t . The Sobolev estimates of f follow from (a) immediately.
This proves (b).
Proof of (c). When t = 0, by Fact 5.15, we see that ρ0 only contains the
principal series. Then by Theorem 5.3 we see that f ∈ (H0)∞SL(2,R). When
t 6= 0, it follows from Fact 5.15 that if the equation V h = g has a solution
h ∈ H∞t , by noting that the assumption implies that limy→0 g(x, y) = 0
for almost all x ∈ R. Then by Theorem 5.3 again, we also get that f ∈
(Ht)∞SL(2,R).
(1) of Lemma 5.11 and (b) show that the equation LV h = Y2g has a
solution h ∈ H∞t . For any ω ∈ H∞t , we have
〈h, L−V ω〉 = 〈Y2g, ω〉 = −〈g, Y2ω〉 = −〈LV f, Y2ω〉 = 〈f, Y2L−V ω〉.
This shows that Y2f = h by Proposition 3.6 and Lemma 5.5. Then Y2f ∈
H∞t .
Proof of (d). From (c) we see that f ∈ (Ht)∞SL(2,R) and Y2f ∈ H∞t . Since
V f is the solution of the equation
LV (V f) = V g,
Y2V f ∈ H∞t from (c).
By commutator relation XY2 + Y2 = Y2X, for any h ∈ H∞t we have
〈Xf, Y2h〉 = −〈f, XY2h〉 = −〈f, (Y2X − Y2)h〉 (1)= −〈XY2f + Y2f, h〉.
In (1) we used that Y2f ∈ H∞t . Hence we get that Y2Xf = XY2f + Y2f ∈
H∞t .
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Note that
Uρt(exp V )f = ρt(exp V )(U +X − V )f, and
Xρt(exp V )f = ρt(exp V )(X − 2V )f.
Then
Ug = U(LV f) = ρt(expV )(U +X − V )f − Uf
= LV (Uf) + ρt(expV )(X − 2V )f + V ρt(expV )f
= LV (Uf) +Xρt(exp V )f + V ρt(exp V )f
= LV (Uf) + (Xf +Xg) + (V f + V g)
This shows that Uf satisfies the equation
LV (Uf) = Ug − V g −Xg − V f −Xf.
By noting that Y2Ug − Y2V g − Y2Xg − Y2V f − Y2Xf ∈ H∞t by previous
arguments, it follows from (1) of Lemma 5.11 and Lemma 5.14 that the
equation
LV h = Y2
Ä
Y2Ug − Y2V g − Y2Xg − Y2V f − Y2Xf
ä
show that the above equation has a solution h ∈ Ht; furthermore, from (b)
we get that h ∈ H∞t .
For any ω ∈ H∞t , we have
〈h, L−V ω〉 = 〈LV h, ω〉 = 〈Y 22
Ä
Ug − V g −Xg − V f −Xf
ä
, ω〉
= 〈Ug − V g −Xg − V f −Xf, Y 22 ω〉 = 〈LV (Uf), Y 22 ω〉
= 〈Uf, Y 22 L−V ω〉.
This shows that h = Y 22 (Uf) ∈ H∞t by Proposition 3.6 and Lemma 5.5.
Since Y m2 (Uf) ∈ Ht for any m ≥ 2 It follows from Theorem 3.3 that
Y2(Uf) ∈ Ht.
Using the relation UY2 − Y2U = Y1, for any h ∈ H∞t we have
〈f, Y1h〉 = 〈f, (UY2 − Y2U)h〉 = 〈(Y2U − UY2)f, h〉.
In the last equation we used the facts that Y2f ∈ H∞t and Y2(Uf) ∈ Ht. This
shows that Y1f = (Y2U −UY2)f ∈ Ht and Y2Y1f = (Y 22 U−Y2UY2)f ∈ H∞t .
Proof of (e). Using (5.30) for m = 1, we have
LV (Y1f) = Y1g + Y2ρt(expV )f = Y1g + Y2(f + g).
Note that Y2f ∈ H∞t . Then it follows from (d) that Y 21 f ∈ Ht and Y2Y 21 f ∈
H∞t .
Inductively, suppose for any m ≤ k, Y m1 ∈ Ht and Y2Y m1 f ∈ H∞t ; fur-
thermore, suppose Y m1 satisfies the equation
LV (Y m1 f) = fm(5.32)
where fm ∈ H∞t . Then (d) shows that Y k+11 f ∈ Ht and Y2Y k+11 f ∈ H∞t .
COHOMOLOGICAL EQUATION AND COCYCLE RIGIDITY 31
By using (5.32) for m = k and (5.30) for m = 1 we see that
LV (Y k+11 f) = Y1fm + Y2(fm + Y k1 f).
By assumption, Y1fm + Y2(fm + Y
k
1 f) ∈ H∞t . Then we proved the case for
m = k + 1. This shows that Y n1 f ∈ Ht for any n ∈ N. This and together
with (c) implies that f ∈ H∞t by Theorem 3.3. The estimates of f follows
from (a) immediately.
Remark 5.16. For the flow, we have tame solution to the cohomological
equation, see Fact 5.15. From the proof of Theorem 5.8, we see that the
solution to the discrete horocycle map loses tame estimates in every direction
except Y2. This is because the estimates of the solution in the proof are based
on the no-tame estimates in Theorem 5.1.
5.5. Coboundary for the unipotent map in irreducible component
of G = SL(2,R)⋉R4. In this section we prove an important result, which
plays an essential role proving Theorem 2.3. In this part, we assume nota-
tions in Section 4.2. Let G′′ denote the subgroupÇ
a 0 u1 v1
c a−1 u2 v2
å
where a ∈ R+ and c, v1, v2, u1, u2 ∈ R. Then the Lie algebra of G′′ is
generated by X, V , and Yi, 1 ≤ i ≤ 4.
From Section 4.2 we see that there are two classes of irreducible repre-
sentations of SL(2,R) ⋉ R4 without L1 or L2 fixed vectors. For simplicity,
we use unified notation (ρδ, Hδ), where δ stands for (t, s) (see Lemma 4.2)
or s (see Lemma 4.3). In the latter case, Hs = Hs.
Lemma 5.17. For any irreducible component (ρδ, Hδ) of SL(2,R) ⋉ R4
without L1 or L2 fixed vectors, if g ∈ (Hδ)∞G′′ and the cohomological equation
LV f = Y2g has a solution f ∈ Hδ. Then
‖f‖G′′,r ≤ Cr‖g‖G′′,r+4, ∀ r ≥ 0.(5.33)
Furthermore, if g ∈ (Hδ)∞G′′ , then f ∈ (Hδ)∞G′′ .
Proof. Let H be the subgroup generated by X, V and Yi, 1 ≤ i ≤ 2. Then
H is isomorphic to SL(2,R)⋉R2.
If ρδ = ρt,s, where ρt,s is defined in Lemma 4.2, then πδ|H = ρt, where
ρt is as defined in Lemma 4.1. We use the Fourier model, see (4.2). Note
that Y3 = sY1 and Y4 = sY2. If |s| ≤ 1, then estimates (5.33) follows
immediately from Lemma 5.14. If |s| > 1, by the change of variable (ω, Y ) =
(sx, s−1y) we get Ht,s = L2(R2, µ), where dµ = dωdY . Computing derived
representations, we get
V = −ωY√−1, Y1 = s−1∂Y , Y2 = s−1ω
√−1,
Y3 = ∂Y , Y4 = ω
√−1.
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Then f(ω, Y ) = g(ω,Y )·s
−1ω
√−1
e−ωY
√−1−1 . Compare the above vector fields with (4.1),
then similar to the proof of Lemma 5.14, we also get (5.33).
If ρδ = ρs, where ρs is defined in Lemma 4.3, we use the Fourier model,
see (4.3). For any h ∈ Hs we can write
h(x, y, z) =
1√
2π
∫
hˆ(x, y, ξ)e−ξzidξ
where hˆ(x, y, ξ) = 1√
2π
∫
R
h(x, y, z)eizξdz. Furthermore, we have
Zh(x, y, z) =
1√
2π
∫
Z
Ä
hˆ(x, y, ξ)
ä
eξzidξ,
for any Z ∈ Lie(G′). This shows that Hs is a direct integral of the rep-
resentation of G′. Then by discussion in Section 3.4 and Lemma 5.14, we
get
‖f‖G′,s ≤ Cs‖g‖G′,s+3, ∀ s ≥ 0.(5.34)
We note that Hs |SL(2,R) is outside a fixed neighborhood the trivial rep-
resentation in the sense of Fell topology by Remark 3.7. Then it follows
Proposition 5.7 that
‖Y m4 f‖ ≤ Cm‖g‖m+3 ∀m ∈ N.(5.35)
Next, we will show how to obtain estimates along Y3. We assume notations
in proof of Lemma 5.11. If |sz| ≤ 1, by noting that
LV
Ä
f(x, y, z) · smx−m
ä
= Y2g(x, y, z) · smx−m ∀m ∈ N,
and
√−1sx−1 = Y3 + zsY2, for any m ∈ N we have:∫
|z|≤|s|−1
|f(x, y, z) · smx−m|2dxdydz
(1)
≤ C
2∑
i=0
∫
|z|≤|s|−1
|Y i1Y2g(x, y, z) · smx−m|2dxdydz
= C
2∑
i=0
∫
|z|≤|s|−1
|(Y3 + zsY2)mY i1Y2g(x, y, z)|2dxdydz
≤ Cm‖g‖2m+3.
Here (1) follows from Lemma 5.11.
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Hence for any m ∈ N we have∫
|z|≤|s|−1
|Y m3 f(x, y, z)|2dxdydz
=
∫
|z|≤|s|−1
|(√−1sx−1 − szY2)mf(x, y, z)|2dxdydz
≤ Cm
∫
|z|≤|s|−1
|f(x, y, z) · smx−m|2dxdydz
+ Cm
∫
|z|≤|s|−1
|Y m2 f(x, y, z)|2dxdydz
≤ Cm‖g‖2m+3.(5.36)
If |sz| > 1, by the change of variable (ω, Y ) = (xzs, y(zs)−1), we define
a unitary isomorphism F : L2(R3, dxdydz) → L2(R3, dωdY dz) as follows:
(Fh)(ω, Y, z) = h(ω(sz)−1, Y sz, z)e−
√−1ω−1Y s2z. Computing derived repre-
sentations for the new model, we get
V = −ωY√−1, Y3 = −∂Y , Y4 = −ω
√−1
Y2 = ω(zs)
−1√−1(5.37)
Then we have
f(ω, Y, z) =
g(ω, Y, z) · ω(sz)−1√−1
e−ωY
√−1 − 1
Compare (5.5) with (4.3), it follows from Lemma 5.14 that for any z ∈ R∫
|Y m3 f(ω, Y, z)|2dωdY ≤ Cm
m∑
i=0
1∑
j=0
∫
|Y i3Y m−i+1+j2 g(ω, Y, z) · (sz)−1|2dωdY
Hence for any m ∈ N we have∫
|z|≥|s|−1
|Y m3 f(ω, Y, z)|2dωdY dz ≤ Cm‖g‖2m+3.(5.38)
It follow from (5.36) and (5.38) that
‖Y m3 f(x, y, z)‖ ≤ Cm‖g‖m+3.(5.39)
Then the estimates follows from (5.34), (5.35), (5.39) and Theorem 3.3.

5.6. Global coboundary for the unipotent map in G = SL(2,R)⋉R2
or SL(2,R) ⋉ R4. Let (π,H) be a unitary representation of SL(2,R) ⋉
R
2 without non-trivial R2-invariant vectors; or a unitary representation of
SL(2,R) ⋉ R4 without non-trivial L1 or L2-invariant vectors (see Section
4.2).
We now discuss how to obtain a global solution from the solution which
exists in each irreducible component of H. By general arguments in Section
3.4 there is a direct decomposition of H = ∫Z Hzdµ(z) of irreducible unitary
representations of G for some measure space (Z, µ). If π has no non-trivial
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R
2-invariant vectors or no non-trivial L1 or L2-invariant vectors, then for
almost all z ∈ Z, πz has no non-trivial R2-invariant vectors or no non-trivial
L1 or L2-invariant vectors. Hence we can apply Theorem 5.8 and Lemma
5.17 to prove the following:
Corollary 5.18. Let (π,H) be a unitary representation of SL(2,R) ⋉ R2
without non-trivial R2-invariant vectors. If g ∈ H∞ and the cohomological
equation LV f = g has a solution f ∈ H, then f ∈ H∞ and satisfies
‖f‖t ≤ Ct‖g‖2t+6, ∀ t ≥ 0.
Corollary 5.19. Let (π, H) be a unitary representation SL(2,R)⋉R4 with-
out L1 or L2 fixed vectors. If g ∈ H∞G′′ and the cohomological equation
LV f = Y2g has a solution f ∈ H. Then
‖f‖G′′,r ≤ Cr‖g‖G′′,r+4, ∀ r ≥ 0.
5.6.1. Coboundary for the unipotent map in G = SL(2,R)×R. Before pro-
ceeding further with the proof of Theorem 2.1, we prove certain technical
results which are very useful for the discussion.
Lemma 5.20. Suppose G = H×R and the Lie algebra of H is sl(2,R), and
suppose (π,H) is a unitary representation of G such that there is a spectral
gap of u0 for (π |H , H). Let u =
Ç
0 1
0 0
å
∈ sl(2,R) and χ = 1 ∈ Lie(R).
(1) Suppose p ∈ H∞. If the cohomological equation Luh = p has a
solution h ∈ H∞H , then h ∈ H∞ with estimates ‖h‖s ≤ Cs,u0‖p‖2s+4
for any s ≥ 0.
(2) Suppose there is no non-trivial exp(χ)-invariant vectors for π; and
suppose p, ψ ∈ H∞. Then the cohomological equation Luψ = Lχp
has a common solution ρ ∈ H∞ with estimates
‖ρ‖s ≤ Csmax{‖p‖2s+4, ‖ψ‖2s+4}
for any s ≥ 0.
Proof. Irreducible unitary representations of G are of the form (πδν⊗ζv, Hδν),
where (πδν , Hδν), δ = 0, ± is an irreducible unitary representation of H de-
scribed in Section 3.1; and ζv, v ∈ R is an irreducible unitary representation
of R defined as follows: ζv(x) = e
√−1xv, x ∈ R. The discussion in Section 3.4
allows us to reduce our analysis of the cohomological and cocycle equations
to each irreducible component πδν ⊗ ζv that appears in π.
Proof of (1) In πδν ⊗ ζv, write hν,δ,v = hν,δ and pν,δ,v = pν,δ where hν,δ and
pν,δ are in (Hδν)∞H . Note that
χ(kν,δ) = v
√−1kν,δ, where k = h or p.
This shows that hν,δ ∈ (Hδν)∞. For any n ∈ N we have
Lu
Ä
χn(hν,δ)
ä
= Lu(vn
√−1nhν,δ) = vn
√−1nLu(hν,δ)
= vn
√−1npν,δ = χn(pν,δ).
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Since hν,δ ∈ (Hδν)∞, D
Ä
χn(pν,δ)
ä
= 0 for any n ∈ N and any D ∈ Eu(Hδν).
Theorem 5.1 and Remark 5.2 show that
‖χn(hν,δ)‖ ≤ C‖χn(pν,δ)‖2 ≤ C‖pν,δ‖n+2,(5.40)
‖hν,δ‖H,s ≤ Cs,u0‖pν,δ ⊗ 1‖H,2s+2
for any s ≥ 0 and n ∈ N. Then it follows from Theorem 3.3 that
‖hν,δ‖s ≤ Cs,u0‖pν,δ‖2s+4, ∀ s ≥ 0,
which gives the estimates of f immediately.
Proof of (2) By assumption we only need to consider πδν ⊗ ζv, v 6= 2nπ,
n ∈ Z. Write ψν,δ,v = ψν,δ and pν,δ,v = pν,δ, where ψν,δ and pν,δ are in
(Hδν)∞. Then we have
Luψν,δ = Lχpν,δ = pν,δe
√−1v − pν,δ.
which immediately gives
Lu
Ä ψν,δ
e
√−1v − 1
ä
= pν,δ,
and
Lχ
Ä ψν,δ
e
√−1v − 1
ä
= ψν,δ.
Let ρν,δ =
ψν,δ
e
√−1v−1 . Results in previous part shows that
‖ρν,δ‖t ≤ Cs,u0 max{‖pν,δ‖2s+4, ‖ψν,δ‖2s+4}, ∀ s ≥ 0
which gives the existence and estimates of ρ immediately. 
Remark 5.21. If u and χ imbed in a Lie algebra isomorphic to sl(2,R)⋉R2,
then the cohomological equation Luψ = Lχp probably fail to have a common
solution. For example, we consider the irreducible component (ρt, Ht) at
t = 0. If g = h1(x)h2(y) where hi ∈ C∞0 [−1, 1], i = 1, 2 and satisfies: h1 = 1
on [−12 , 12 ] and h2(0) = 0. Let
f(x, y) =
h1(x)(e
x
√−1 − 1)h2(y)
e−xy
√−1 − 1
= h1(x) · h2(y)
y
· (e
x
√−1 − 1)
x
· xy
e−xy
√−1 − 1 .
It is easy to check that f ∈ H0 is a solution to the cohomological equation
LV f = LY2g. If the cohomological equation has a common solution h ∈ H0,
then LV h = g. Hence we have
h(x, y) =
h1(x)h2(y)
e−xy
√−1 − 1 =
h2(y)
y
· h1(x)
x
· xy
e−xy
√−1 − 1 .
This implies that h1(x) · x−1 ∈ L2(R), which is a contradiction.
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6. Proof of Theorem 2.1 and 2.3
6.1. Proof of (1) of Theorem 2.1. To apply Proposition 5.7 or Theorem
5.1, it suffices to prove that π |Gv has a spectral gap (see Definition 5.6).
By Howe-Moore, π |G′
v
has no non-trivial R2-invariant vectors where G′v is
a subgroup in G containing Gv and isomorphic to SL(2,R) ⋉ R
2. Remark
3.7 shows that π |Gv is outside a fixed neighborhood of trivial representa-
tion in the Fell topology, which proves the claim. Then the result follows
immediately from Proposition 5.7 or Theorem 5.1.
6.2. Proof of (2) of Theorem 2.1. Since Φ is a reduced irreducible root
system, for any ψ ∈ Φ, ψ 6= ±φ, either φ± ψ /∈ Φ, or one of φ± ψ belongs
to Φ. In the first case, we know that uφ and uψ imbed in a Lie algebra
isomorphic to sl(2,R)× R. Then (5.40) of Lemma 5.20 that for any t ≥ 0,
‖f‖Uψ ,t ≤ Ct‖g‖t+2.(6.1)
For the second case, consider Ψ = {iφ + jψ ∈ Φ | i, j ∈ Z}. Then Ψ is a
reduced irreducible root system of rank 2. Denote by G the closed subgroup
of G with its Lie algebra generated by the root sub-subgroups uϕ, ϕ ∈ Ψ.
Note that each uϕ, ϕ ∈ Ψ is one-dimensional. Then G is of type A2. This
shows that uφ and uψ imbed in a Lie algebra isomorphic to sl(2,R)⋉R
2. It
follows from Corollary 5.18 that
‖f‖G,t ≤ Ct‖g‖G,2t+6.(6.2)
For the Cartan subalgebra C, we can find a basis {Ci} of C ∩ G1, such that
C1 ∈ [uφ, u−φ] ⊂ Lie(G) and [Ci, uφ] = 0, i 6= 1. Then (5.40) of Lemma 5.20
that for any m ∈ N,
‖Cmi f‖ ≤ Cm‖g‖m+2, i 6= 1.(6.3)
Then the estimates follow immediately from (6.1), (6.2) and (6.3) and The-
orem 3.3.
6.3. Proof of Theorem 2.3 when G = SL(n,R), n ≥ 4. Firstly, we list
a fact which will be used in the next proofs.
Fact 6.1. (Corollary 6.11 and Lemma 6.13 of [42]) Let (π,H) be a unitary
representation of SL(2,R)⋉R2 without non-trivial R2-invariant vectors. If
g ∈ H∞ and the cohomological equation V f = g has a solution f ∈ H, then
f ∈ H∞ and satisfies
‖f‖t ≤ Ct‖g‖t+5, ∀ t ≥ 0.
We also have: suppose (π,H) is a unitary representation of SL(2,R) ⋉ R2
such that π |SL(2,R) only contains the principal and discrete series. If g ∈ H∞
and the cohomological equation V f = g has a solution f ∈ H∞SL(2,R), then
f ∈ H∞ with estimates
‖f‖t ≤ Ct‖g‖t+2, ∀ t ≥ 0.
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Fix 3 ≤ m 6= l ≤ n. Set F = u1,mul,2f . Note that
Lu1,2F = u1,m(ul,2g).
For k ≥ 3, let G′k be the closed subgroup in SL(n,R) generated by U1,2, X1,2,
U1,k, U2,k, U1,m and U2,m. Then for any k 6= m, the subgroup generated by
G′k and U2,1 are isomorphic to SL(2,R) ⋉ R
4. Thanks to Howe-Moore, it
follows from Corollary 5.19 that
‖F‖G′
k
,t ≤ Ct‖ul,2g‖G′
k
,t+4 ≤ Ct‖g‖G′
k
,t+5, t ≥ 0,(6.4)
for all 3 ≤ k ≤ n.
We also note that
Lu1,2F = ul,2(u1,mg).
Let H ′k in SL(n,R) be the subgroup generated by U1,2, X1,2, Ul,1, Ul,2, Uk,1,
and Uk,2. By similar arguments, we have
‖F‖H′
k
,t ≤ Ct‖u1,mg‖H′
k
,t+4 ≤ Ct‖g‖H′
k
,t+5, t ≥ 0,(6.5)
for all 3 ≤ k ≤ n.
Let Z stand for Ui,j or Xk,l, where i, j ≥ 3 and 3 ≤ k 6= l ≤ n. Then it
follows from (5.40) of Lemma 5.20 that for any m ∈ N,
‖ZmF‖ ≤ Cm‖u1,mul,2g‖m+2 ≤ Cm‖g‖m+4.(6.6)
Denote by A the subspace of of sl(n,R) spanned by the linear algebra of G′k,
H ′k, 3 ≤ k ≤ n, together with Ui,j, Xk,l, where i, j ≥ 3 and 3 ≤ k 6= l ≤ n.
Then A is of codimension 1; and the linear span of A and u2,1 is sl(n,R).
Then it follows from (6.4), (6.5) and (6.6) and Theorem 3.3 that for subgroup
S of SL(n,R) with Lie(S) ⊆ A we have
‖F‖S,s ≤ Cs‖g‖s+5, ∀ s ≥ 0.(6.7)
Note that
u1,m(ul,2f) = F.
Let Pm denote the subgroup generated by u1,m, um,1, X1,m. It is clear that
Pm is isomorphic to SL(2,R). Let Z stand for ul,2, u2,l, X2,l, u2,k and ul,k,
3 ≤ k 6= m. Let P ′k be the subgroup generated by Pm and {exp(tZ)}t∈R.
Then P ′k are isomorphic to SL(2,R)×R. Since Lie(P ′k) ⊆ A, it follows from
Fact 6.1, Remark 3.7 and (6.7) that
‖ul,2f‖P ′
k
,s ≤ Cs‖F‖P ′
k
,s+2 ≤ Cs‖g‖s+7, ∀ s ≥ 0.(6.8)
for 3 ≤ k 6= m.
Note that the subgroup generated by ul,2, u2,l, X2,l, u2,k and ul,k, 3 ≤ k 6=
m, which are denoted by L′k, are isomorphic to SL(2,R) ⋉ R
2, then above
estimates, together with Howe-Moore and Fact 6.1 imply that
‖f‖L′
k
,s ≤ Cs‖ul,2f‖P ′
k
,s+5 ≤ Cs‖g‖s+12, ∀ s ≥ 0.(6.9)
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Hence we get
max{‖us2,kf‖, ‖Xs2,lf‖} ≤ Cs‖g‖s+12, ∀ s ≥ 0,(6.10)
for any 3 ≤ k 6= m. Note that we also have
ul,2(u1,mf) = F.
Then similar arguments shows that
max{‖usk,2f‖, ‖Xs1,mf‖} ≤ Cs‖g‖s+12, ∀ s ≥ 0,(6.11)
for any 3 ≤ k 6= l.
Since m and l are chosen arbitrarily. Then the estimates follow immedi-
ately from (6.1), (6.10), (6.11) and Theorem 3.3.
6.4. Proof of Theorem 2.3 for other cases. Since Φ is a reduced irre-
ducible root system, there exists a root ψ ∈ Φ such that ψ − φ belongs to
Φ. Set Ψ = {iφ + jψ ∈ Φ | i, j ∈ Z}. For any β ∈ Φ, but β /∈ Ψ, either
φ± β /∈ Φ, or one of φ± β belongs to Φ.
For the first case, we see that uφ and uβ imbed in a Lie algebra isomorphic
to sl(2,R)× R. Then (5.40) of Lemma 5.20 that for any t ≥ 0,
‖f‖Uβ ,t ≤ Ct‖g‖t+2.(6.12)
For the second case, we consider Ψ1 = {iφ+jψ+ℓβ ∈ Φ | i, j, ℓ ∈ Z}. Then
Ψ1 is a reduced irreducible root system of rank 3. Denote by G the closed
subgroup of G with its Lie algebra generated by the root sub-subgroups uϕ,
ϕ ∈ Ψ1. Note that each uϕ, ϕ ∈ Ψ is one-dimensional. Then G is of type
A3. Results in Section 6.3 show that
‖f‖Uβ ,s ≤ Cs‖g‖s+12, ∀ s ≥ 0(6.13)
and
‖Cm1 f‖ ≤ Cm‖g‖m+12, ∀m ≥ 0
where C1 ∈ [uφ, u−φ] ∩G1.
For the Cartan subalgebra C, we can find a basis {Ci} of C∩G1, such that
C1 is as described above and [Ci, uφ] = 0, i 6= 1. Then (5.40) of Lemma 5.20
that for any m ∈ N,
‖Cmi f‖ ≤ Cm‖g‖m+2, i 6= 1.
Then estimates follows immediately from above estimates, (6.12), (6.13) and
Theorem 3.3.
7. Proof of Theorem 2.5
Note that uφ and uψ can imbed in sl(2,R)×R. (2) of Lemma 5.20 implies
that there is a common solution h ∈ H to the cocycle equation Luf = Lvg.
Then it follows from (2) of Theorem 2.1 that h ∈ H∞. Since Luh = g, it
follows from Theorem 2.3 that
‖νnh‖ ≤ Cn‖g‖n+12(7.1)
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for any ν ∈ uµ⋂G1, where µ 6= −φ; and
‖Y nh‖ ≤ Cn‖g‖n+3(7.2)
for any Y ∈ C⋂G1.
On the other hand, we also have Lvh = f . Then by Theorem 2.3 again
we have
‖νnf‖ ≤ Cn‖f‖n+12
for any ν ∈ uµ⋂G1, where µ 6= −ψ; especially, we have
‖νnh‖ ≤ Cn‖f‖n+12(7.3)
for any ν ∈ uµ⋂G1, where µ = −φ.
Then the estimates follow immediately from (7.1), (7.2), (7.3) and Theo-
rem 3.3.
8. Proof of Theorem 2.6
8.1. Unitary representations of SL(n,R), n ≥ 3. The detailed study of
the representation Ind
SL(n,R)
P (λ
±
t ) are given in [42]. In this part, we just list
the results. Let gti,j = exp(tui,j) and h
t
i = exp(tXi), t ∈ R. The realization
of the representation Ind
SL(n,R)
P (λ
±
t ) on L
2(Rn−1, dx) can be formulated as
follows:
Ind
SL(n,R)
P (λ
±
t )(h
s
i )f(x1, · · · , xn−1)
=
 e
sn/2ets
√−1f(e2sx1, esx2 · · · , esxn−1), i = 1
f(x1, · · · , e−sxi−1, esxi · · · , xn−1), i ≥ 2;
and has the following expressions
Ind
SL(n,R)
P (λ
±
t )(g
s
i,j)f(x1, · · · , xn−1)
=

|1− xj−1s|−n/2−t
√−1ε±(1− xj−1s)
· f( x1
1− xj−1s , · · · ,
xn−1
1− xj−1s), i = 1, j ≥ 2,
f(x1, · · · , xi−1 − sxj−1, · · · , xn−1), i ≥ 2, j 6= 1,
f(x1, · · · , xi−1 − s, · · · , xn−1), i ≥ 2, j = 1.
Since the one-parameter subgroups gti,j and h
t
ℓ generate SL(n,R), the actions
of these subgroups determine the group action of SL(n,R). Computing
derived representations, we get
Xi =

(
n
2
+ t
√−1) + 2x1∂x1 +
n−1∑
k=2
xk∂xk , i = 1,
− xi−1∂xi−1 + xi∂xi , i ≥ 2,
(8.1)
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and
ui,j =

(
n
2
+ t
√−1)xj−1 +
n−1∑
k=1
xj−1xk∂xk , i = 1, j ≥ 2,
− xj−1∂xi−1 , i ≥ 2, j 6= 1,
− ∂xi−1 , i ≥ 2, j = 1.
(8.2)
We are now in a position to proceed with the proof of Theorem 2.6. Not-
ing that the Weyl group is the symmetric group Sn which operates simply
transitively on the set of Weyl chambers, we may assume that one element
in the set {uik,jk , 1 ≤ k ≤ m} is u2,1. By assumption, the other ones either
from the set {u2,j : j ≥ 3} or from the set {uj,1 : j ≥ 3}.
Case 1. The other elements are u2,ik , ik ≥ 3 and 2 ≤ k ≤ m.
If we take the Fourier transformation on x1, i.e.,
fˆ(x1, · · · , xn−1) = 1√
2π
∫
R
f(ξ1, x2, · · · , xn−1)e−ix1ξ1dξ1
for any f ∈ L2(Rn−1, dx) we get the Fourier model:
u2,j =
{ − xj−1x1√−1, j 6= 1,
− x1
√−1, j = 1.
Let h(x1, · · · , xn−1) = p(x1)p(x2) · · · p(xn−1) with p ∈ C∞0 [−1, 1] and p = 1
on [−12 , 12 ]. Let f1 = h and
fk = h · e
−x1xik−1
√−1 − 1
e−x1
√−1 − 1
= h · xik−1 ·
e−x1xik−1
√−1 − 1
x1xik−1
· x1
e−x1
√−1 − 1 ,
2 ≤ k ≤ m. From relations in (8.1) and (8.2), it is easy to check that fk,
1 ≤ k ≤ m are smooth vectors in IndSL(n,R)P (λ±t ). Using relations described
above for the Fourier model we have
Lu2,1fk = (e−x1
√−1 − 1)fk = (e−x1xik−1
√−1 − 1)f1 = Lu2,ik f1
and
Lu2,iℓfk = (e
−x1xiℓ−1
√−1 − 1)fk = (e−x1xik−1
√−1 − 1)fℓ = Lu2,ik fℓ
where ik, iℓ ≥ 3. Then fi, 1 ≤ i ≤ m satisfy all cocycle equations.
If Lu2,1ω = f1 where ω ∈ L2(Rn−1, dx), then (e−x1
√−1 − 1)ω = h. Then
ω =
p(x1)
e−x1
√−1 − 1 · p(x2) · · · p(xn−1)
This implies that p(x1)
e−x1
√−1−1 ∈ L
2(R). Then we get a contradiction. Note
that all the other equations Lu2,ikω = fk, ik ≥ 3 are equivalent to the earlier
equation (e−x1
√−1 − 1)ω = h. Thus we proved the claim.
COHOMOLOGICAL EQUATION AND COCYCLE RIGIDITY 41
Case 2. The other elements are uik,1, ik ≥ 3 and 2 ≤ k ≤ m.
If we take the Fourier transformation, i.e.,
fˆ(x1, · · · , xn−1)
=
1
(2π)
n
2
∫
R
f(ξ1, ξ2, · · · , ξn−1)e−ix1ξ1 · · · e−ixn−1ξn−1dξ1 · · · dξn−1(8.3)
for any f ∈ L2(Rn−1, dx) we get the Fourier model:
ui,1 = −xi−1
√−1, i ≥ 2.(8.4)
We set i1 = 2. By Theorem 2.5 in [42], we can find smooth vectors fj,
2 ≤ j ≤ n− 1 and j 6= i2 in IndSL(n,R)P (λ±t ) satisfying the following:
uiℓ,1fj = uij ,1fℓ,
but non of the equations:
uij ,1h = fj
has a solution h ∈ L2(Rn−1).
By (8.4), the above assumption implies that fj = f1 · xij−1x1 , but fj ·
1
xij−1
= f1x1 /∈ L2(Rn−1). Suppose r(x) ∈ C∞0 ([−1, 1]) satisfying r(x) = 1 if
x ∈ [−12 , 12 ]. Set f ′1 = f1 · r(x1) and
f ′j = f
′
1 ·
e−xij−1
√−1 − 1
e−x1
√−1 − 1
= f ′1 ·
xij−1
x1
· e
−xij−1
√−1 − 1
xij−1
· x1
e−x1
√−1 − 1
= fj · r(x1) ·
xij−1
x1
· e
−xij−1
√−1 − 1
xij−1
· x1
e−x1
√−1 − 1
It is easy to check that the following fact: for any smooth vector f in the
Fourier model, f ·r(x1) is also smooth. This fact shows that f ′j, 1 ≤ j ≤ n−1
and j 6= i2 are smooth vectors in IndSL(n,R)P (λ±t ). We also have
Luiℓ,1f
′
j = Luij ,1f ′ℓ,
and
f ′j ·
1
e
−xij−1
√−1 − 1
= f ′1 ·
1
x1
· x1
e−x1
√−1 − 1 /∈ L
2(Rn−1).
Hence we can prove the claim.
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9. Proof of Theorem 2.7
The proof is standard and similar arguments appeared in [19], [22] and
[36]. Let β be a cocycle over the V -action on G/Γ. Restricted to the U -
action on G/Γ, β is also a cocycle.
It follows from Theorem 2.5 that there is a smooth transfer function p
that satisfies
β(u, x) = p(u · x) + c(u)− p(x)
for any u ∈ U and x ∈ G/Γ, where c(u) = ∫
G/Γ β(u, x)dx is a constant
cocycle. For any v ∈ V , let
β∗(v, x) = β(v, x) − p(v · x) + p(x).
Using the definition of cocycle, we see that β∗ is also a cocycle over V -action.
Then
β∗(v, x) = β∗(uv, x)− β∗(u, v · x) = β∗(vu, x) − β∗(u, v · x)
= β∗(v, u · x) + β∗(u, x)− β∗(u, v · x)
= β∗(v, u · x)
is a U -invariant smooth function on G/Γ for every v ∈ V . By Howe-moore,
it is constant. Therefore, setting c′(v) = β(v, x) − p(v · x) + p(x), we have
shown that p satisfies
β(v, x) − p(v · x) + p(x) = c′(v)
for all v ∈ V and x ∈ G/Γ. It is clear that c′ = c on U .
10. Proof of Theorems 2.2
Let n ≥ 2. We will do all computations in irreducible, unitary models
of SL(n,R), which have Hilbert space norm L2(Rn−1), where the formulas
for the hyperbolic and unipotent elements in sl(n,R) are given in (8.1) and
(8.2). For n = 2, these computations will take place in the line model of the
principal series. We first prove a lower bound for the Sobolev norm of the
solution of the twisted equation
(10.1) (uij + λ
√−1)f = g ,
in irreducible, unitary representations of SL(n,R), where i, j ∈ N, i > j and
λ ∈ R∗. In particular, we show there are non-tame Sobolev estimates for
the solution to the above equation.
Theorem 10.1. Let n ≥ 2, and let i > j ≥ 1. For any s ≥ 0, for any
σ ∈ [0, s + 1/2), and for any λ ∈ R∗, the following holds. For any constant
C > 0, there is a constant δ > 0 such that for any |t| > δ, there is a smooth
vector g ∈ IndSL(n,R)P (λ±t ) with a smooth solution f ∈ IndSL(n,R)P (λ±t ) to the
equation (10.1) such that
‖(I − u2j,i)s/2f‖ > C‖g‖s+σ .
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As a consequence, we prove Theorem 2.2, namely, that non-tame Sobolev
estimates exist for the solution to the cohomological equation
(10.2) f ◦ exp(Luij)− f = g ,
where L > 0 and uij is a unipotent vector of sl(n,R).
10.1. Proof of Theorem 10.1. Now fix i, j as in Theorem 10.1. The
estimate is based on an analysis with respect to the xi−1 variable. For
convenience, set
a := i− 1 , ν := t√−1 ,
and because we can take |ν| arbitrarily large, we assume
|ν| ≥ 4 .
Also set
nj−1 :=
®
n− 2 if j = 1 ,
n− 3 otherwise .
For any (x1, · · · , xn−1) ∈ Rn−1, define
x := (x1, · · · , xj−2, xj , · · · xa−1, xa+1, · · · , xn−1) ∈ Rnj−1 ,
fx(xj−1, xa) := f(x1, · · · , xn−1) .
Notice that if j = 1, then xj−1 = 1, so
x := (x1, · · · xa−1, xa+1, · · · , xn−1) ∈ Rnj−1 ,
and for convenience, we define
fx(xj−1, xa) := fx(xa) := f(x1, · · · , xn−1) .
The Fourier transform with respect to the xa variable is
fˆx(xj−1, ω) =
∫
R
fx(xj−1, r)e−irωdr .
The Fourier transform of the above vector fields (8.1) and (8.2) are
(10.3)
Xˆl =

(n2 − 2 + ν)− 2ω∂ω +
∑n−1
k=2 xk∂k , l = 1 , a = 1 ,
(n2 − 1 + ν) + 2x1∂x1 − ω∂ω +
∑
2≤k≤n−1
k 6=a
xk∂xk , l = 1 , a 6= 1 ,
1 + ω∂ω + xl∂xl , l ≥ 2 , a = l − 1 ,
−(1 + xl−1∂xl−1 + ω∂ω) , l ≥ 2 , a = l .
For the unipotent vector fields (ul,m), when l = 1, we have
(10.4)
uˆ1,m =
√−1
×

[(n2 − 2 + ν)∂ω − ω∂2ω] + ∂ω
∑
1≤k≤n−1
k 6=a
xk∂xk if a = m− 1 ,
(n2 − 1 + ν − ω∂ω)xm−1 +
∑
1≤k≤n−1
k 6=a
xm−1xk∂xk if a 6= m− 1 .
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and when l > 1, we have
(10.5) uˆl,m = −
√−1×

∂ω∂xl−1 if a = m− 1 ,
ωxm−1 if a = l − 1 ,
−√−1xm−1∂xl−1 otherwise .
Then in our model, the cohomological equation (10.1) is equivalently
−√−1(xj−1ω − λ)fˆx(xj−1, ω) = gˆx(xj−1, ω) ,
which means
(10.6) fˆx(xj−1, ω) =
√−1 gˆx(xj−1, ω)
(xj−1ω − λ) .
As in formula (36) of [9], we define gˆx,λ(xj−1, ω) := gˆx(xj−1, λω) and study
the following equivalent equation for a solution fˆx,λ given by
fˆx,λ(xj−1, ω) =
√−1 gˆx,λ(xj−1, ω)
λ(xj−1ω − 1)
=
√−1
λxj−1
(
gˆx,λ(xj−1, ω)
ω − x−1j−1
)
.(10.7)
In what follows, we simplify notation and set
(10.8) gˆx := gˆx,λ , fˆx := fˆx,λ .
Define
I(j−1) :=

[
4
5
,
5
4
] if j = 1 ,
[
4
5
,
5
4
]2 if j > 1 ,
I(j−1),e :=

[
3
4
,
4
3
] if j = 1 ,
[
3
4
,
4
3
]2 if j > 1 .
Recall that when j = 1, xj−1 = 1. So for j = 1, it will be convenient to use
the notation
(xj−1, ω) ∈ I(0)β if and only if ω ∈ I(0)β .
Now we will define the coboundary and transfer function that will be used
in the proof theorem. Then let
gˆ ∈ C∞c ([
3
4
,
4
3
]n−1) ,
and define
(10.9) gˆx(xj−1, ω) := Gˆ1(xj−1, ω)G2(x) ,
where
Gˆ1(xj−1, ω) = qˆ(xj−1, ω)(ων − x−νj−1) ,
q ∈ C∞c (I(j−1),eβ ) , q ≡ 1 on I(j−1) ,
and G2 := G2,j−1 satisfies
G2 ∈ C∞([3
4
,
4
3
]nj−1) , G2 ≡ 1 on [4
5
,
5
4
]nj−1 .
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Notice that g ∈ H∞ and Gˆ1(ω−1, ω) = 0. Then by Theorem 2.1, the
equation (10.1) has a smooth solution g, which is given by (10.7). That is,
fˆx(xj−1, ω) = Fˆ (xj−1, ω)G2(x) ,
where
(10.10) Fˆ (xj−1, ω) :=
√−1
λxj−1
(
Gˆ1(xj−1, ω)
ω − x−1j−1
)
.
Write
uˆ1,i = Vˆ0 + Vˆc ,
where
Vˆ0 = −
√−1[(2− n
2
− ν)∂ω + ω∂2ω] ,
Vˆc =
√−1
n−1∑
k=1
xk∂xk∂ω .
As a first step toward proving Theorem 10.1, we decompose the operator
uˆ1,i into partial derivatives and Vˆ0, which compels us to use some notation.
For any m ∈ N \ {0} and for any integer vector α = (αk)mk=1 ⊂ Nm, define
|α| :=
m∑
k=1
αk .
For any l ≤ β, consider the collection of integer vectors
Q(β−l) :=
¶
α = (α1, · · · , αa−1, αa+1, · · · , αn−1) ∈ Nn−2 : |α| = β − l
©
.
Furthermore, for any l ≤ β and j > 1, let αβ−l,j−1 ∈ Q(β−l) be given by
αβ−l,j−1 :=
{
(β − l,0n−3) if j = 2 ,
(0j−2, β − l,0n−j) if j > 2 ,
where for i ∈ N, 0i is a vector of i 0’s. Also, for any l ≤ β, define
Π
(l)
β
to be the sum of all products of l operators Vˆ0 and β − l operators ∂ω.
Lemma 10.2. For any β ∈ N and for any l ≤ β, there are (c(β−l,α)m,k ) ⊂
N \ {0} such that
uˆ
β
1,i =
∑
l≤β
α∈Q(β−l)
j−1
(
√−1)β−lΠ(l)β
∏
1≤k≤n−1
k 6=a
αk∑
m=1
c
(β−l,α)
m,k x
m
k ∂
mxk ,
where for j > 1, c
(β−l,αβ−l,j−1)
β−l,j−1 = 1.
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Proof. Write
(10.11) uˆβ1,i = (Vˆ0 + Vˆc)
β =
∑
l≤β
Π
(l)
β
Ü
√−1
∑
1≤k≤n−1
k 6=a
xk∂xk
êβ−l
.
Then for any x ∈ [45 , 54 ]nj−1 , there are coefficients (c
(β−l)
α ) ⊂ N \ {0} such
that Ü ∑
1≤k≤n−1
k 6=a
xk∂xk
êβ−l
=
∑
α∈Q(β−l)
c(β−l)
α
∏
1≤k≤n−1
k 6=a
(xk∂xk)
αk .(10.12)
For any αk ∈ N \ {0}, by induction we get (c(αk)m,k ) ⊂ N \ {0} such that
(10.13) (xk∂xk)
αk =
αk−1∑
m=1
c
(αk)
m,k x
m
k ∂
mxk .
Hence, there are positive integers c
(β−l,α)
m,k = c
(β−l)
α c
(αk)
m,k such that
(10.12) =
∑
α∈Q(β−l)
j−1
∏
1≤k≤n−1
k 6=a
αk∑
m=1
c
(β−l,α)
m,k x
m
k ∂
mxk ,
which implies
(10.11) =
∑
l≤β
α∈Q(β−l)
j−1
Π
(l)
β (
√−1)β−l
∏
1≤k≤n−1
k 6=a
αk∑
m=1
c
(β−l,α)
m,k x
m
k ∂
mxk .
This proves the decomposition formula for uˆβ.
It remains to prove c
(β−l,αβ−l,j−1)
β−l,j−1 = 1, when j > 1. Then for any x ∈
[45 ,
5
4 ]
nj−1 , there are coefficients (c
(β−l)
α ) ⊂ N \ {0} such thatÜ ∑
1≤k≤n−1
k 6=a
xk∂xk
êβ−l
= (xj−1∂xj−1)β−l
+
∑
α∈Q(β−l)\{αβ,a}
c(β−l)
α
∏
1≤k≤n−1
k 6=a
(xk∂xk)
αk ,(10.14)
where, as in (10.13), (c
(αk)
m,j−1) ⊂ N \ {0} are such that
(xj−1∂xj−1)β−l = x
β−l
j−1∂
β−lxj−1 +
β−l−1∑
m=1
c
(αj−1)
m,j−1x
m
j−1∂
mxj−1 .
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So
(10.14) =
∑
α∈Q(β−l)
j−1
∏
1≤k≤n−1
k 6=a
αk∑
m=1
c
(β−l,α)
m,k x
m
k ∂
mxk ,
where c
(β−l,αβ−l,j−1)
β−l,j−1 = 1. The lemma follows from this. 
Next, we prove an upper bound for the Sobolev norm of g. We will use
the following important identity that shows that even though Vˆ0 is a second
order differential operator, |Vˆ0ων+r| grows only linearly in ν for any real
number r. Indeed, for any r ∈ R,
(10.15) Vˆ0ω
ν+r = −√−1 (ν + r)(r + 1− n
2
)ων+r−1 .
Lemma 10.3. For any s ≥ 0, there is a constant C(0)s,n > 0 such that
‖g‖s ≤ C(0)s,n|ν|s .
Proof. Let s ∈ N, and recall that g ∈ C∞c ([34 , 43 ]n−1), so it is supported away
from zero. For each integer β ≤ s, let B(β) be the sum of all products of β
vector fields in {Xˆj}nj=1 ∪ {uˆl,k}1≤l,k≤n \ {uˆ1,i, uˆj,i}. Using the commutation
relations and the triangle inequality, we get a constant Cs,n > 0 such that
(10.16) ‖g‖s ≤ Cs,n
∑
β≤s
β1+β2≤β
‖B(s−β)uˆβ1j,iuˆβ21,igˆ‖ .
By Lemma 10.2 and the triangle inequality, there is a constant Cs,n > 0
such that
(10.16)
≤ Cs,n
∑
β≤s
β1+β2≤β
l≤β2
∑
1≤k≤n−1
k 6=a∑
k 6=amk=β2−l
‖B(s−β)(∂ω∂xj−1)β1Π(l)β2
∏
(mk)
xmkk ∂
mkxkgˆ‖
= Cs,n
∑
β≤s
β1+β2≤β
l≤β2
∑
1≤k≤n−1
k 6=a∑
k 6=amk=β2−l
‖B(s−β)
∏
(mk)
(
xmkk ∂
mkxkG2
)
×
(
∂β1ωΠ
(l)
β2
∂β1xj−1(x
mj−1
j−1 ∂
mj−1xj−1)Gˆ1)
)
‖
≤ Cs,n
∑
β≤s
β1+β2≤β
∑
v1+v2=β1
l≤β2
∑
1≤k≤n−1
k 6=a∑
k 6=amk=β2−l
‖B(s−β)
∏
(mk)
(
xmkk ∂
mkxkG2
)
×
(
∂β1ωΠ
(l)
β2
x
mj−1−v1
j−1 ∂
mj−1+v2xj−1Gˆ1)
)
‖ ,
(10.17)
where in the last step, the term x
mj−1−v1
j−1 is bounded, because xj−1 ∈ [34 , 43 ].
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Because
[Vˆ0 , ∂ω] =
√−1∂ω2 , [Π(l)β2 , xmj−1∂mxj−1] = 0
we have
‖B(s−β)
∏
(mk)
(
xmkk ∂
mkxkG2
) (
∂β1ωΠ
(l)
β2
x
mj−1−v1
j−1 ∂
mj−1+v2xj−1Gˆ1)
)
‖
≤ Cs,n
∑
α1+α2≤β2
α2≤l
‖B(s−β)
∏
(mk)
(
xmkk ∂
mkxkG2
)
×
Ä
x
mj−1−v1
j−1 ∂
mj−1+v2xj−1∂α1+β1ωVˆ α20 Gˆ1
ä
‖ .(10.18)
Note that Gˆ1 is a product of two functions. From formula (39) and
Lemma 3.7 of [9], there is a Leibniz-type formula for the operator Vˆ0. Specif-
ically, for l = 1, 2, there are universal coefficients (b
(α2)
qzkm) such that for any
xj−1 and any pair of functions hl := hl,xj−1 in the variable ω, we have
(10.19) Vˆ α20 (h1h2) =
∑
z0+z1+z3≤α2
z2≤z3
b(α2)z0z1z2z3 [∂
z3ωVˆ z00 h1][(ω∂ω)
z2 Vˆ z10 h2] .
Then set
h1 := ω
ν − x−νj−1 , h2 := qˆ .
so
Gˆ1 = h1 · h2 .
Notice that the term (ω∂ω)z2 Vˆ z10 h1 is under control, because qˆ is smooth
and compactly supported. Moreover, by (10.15), there is a complex polyno-
mial P of degree at most z3 + z0 in ν such that
∂z3ωVˆ z00 h1(xj−1, ω) = P (ν)ω
ν−(z3+z0) − δz3+z0,0 ,
where
δz3+z0,0 :=
®
1 if z1 + z3 = 0 ,
0 otherwise .
Similarly, for non-negative integers (m1,m2) 6= (0, 0), notice that for any
r ∈ N,
∂m1xj−1∂m2ω(ων−r − x−νj−1)
:=

m2−1∏
j=0
(ν − r − j)ων−r−m2 if m1 = 0 ∧m2 6= 0 ,
−
m1−1∏
j=0
(ν − r − j)x−ν−m1j−1 if m1 6= 0 ∧m2 = 0 ,
0 otherwise .
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Because z1 + z3 ≤ α2, there is a constant Cs > 0 such that
(10.20)
|∂mj−1+v2xj−1∂α1+β1ωVˆ α20 Gˆ1(xj−1, ω)| ≤ Cs|ν|max{mj−1+v2 , α1+β1+α2}
≤ Cs|ν|β1+β2
≤ Cs|ν|β .
Finally, from (10.3), (10.4) and (10.5), observe that the vector fields in
{Xˆj}nj=1∪{uˆl,k}1≤l,k≤n \{uˆ1,i, uˆj,i} are first order differential operators with
respect to xj−1, ω. Moreover, G2 ∈ C∞c ([34 , 43 ]nj ) is fixed independent of ν,
so we conclude that there is a constant Cs,n > 0 such that for each β ≤ s,
(10.18) ≤ Cs,n|ν|s−β+β
≤ Cs,n|ν|s .(10.21)
When j = 1, all vector fields except uˆ1,i are first order in ω. So this time,
for each integer β ≤ s, we let B(β) be the sum of all products of β vector
fields in {Xˆj}nj=1 ∪ {uˆl,k}1≤l,k≤n \ {uˆ1,i}. Hence, as in (10.18), we have
‖g‖s ≤ Cs,n
∑
β≤s
‖B(s−β)uˆβ1,igˆ‖
≤ Cs,n
∑
β≤s
l≤β
∑
1≤k≤n−1
k 6=a∑
k 6=amk=β2−l
‖B(s−β)
∏
(mk)
(
xmkk ∂
mkxkG2
)
Π
(l)
β2
Gˆ1‖
≤ Cs,n
∑
β≤s
l≤β
∑
1≤k≤n−1
k 6=a∑
k 6=amk=β2−l
∑
α1+α2≤β2
α2≤l
‖B(s−β)
∏
(mk)
(
xmkk ∂
mkxkG2
)
∂α1ωVˆ α20 Gˆ1‖ .
(10.22)
Then as in (10.20), we get a constant Cs,n > 0 such that
(10.22) ≤ Cs,n|ν|s−β+α1+α2
≤ Cs,n|ν|s .
The lemma now follows from the above estimate, (10.21) and interpola-
tion. 
Now we focus on a lower bound for the uˆβ1,i norm of fˆ .
Theorem 10.4. For any s ≥ 0, there are constants c(0)s , α(0)s > 0 such that
the following holds. For any |ν| ≥ α(0)s , for any j ≥ 1, we have
‖(I − u2j,i)s/2f‖ >
c
(0)
s
|λ| |ν|
2s+1/2 .
The first step is to write a pointwise decomposition for uˆβj,ifˆ .
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Lemma 10.5. For any j ≥ 1, for any x ∈ [45 , 54 ]nj−1 and for any (xj−1, ω) ∈
I(j−1),
uˆ
β
j,ifˆx(xj−1, ω) =

Ä
Vˆ β0 Fˆ1(1, ω)
ä
G2(x) if j = 1 ,
(−√−1)β
Ä
∂βxj−1∂βωFˆ1(xj−1, ω)
ä
G2(x) otherwise .
Proof. The formula for j > 1 is immediate from the definition of uˆj,i (see
(10.5)).
For j = 1, by Lemma 10.2,
uˆ
β
1,i =
∑
l≤β
α∈Q(β−l)
j−1
Π
(l)
β
∏
1≤k≤n−1
k 6=a
αk∑
m=1
c
(β−l,α)
m,k (
√−1)β−lxmk ∂mxk .(10.23)
Notice that for any l < β and for any α ∈ Q(β−l), there is some k0 such
αk0 ≥ 1. Then becauseG2 ≡ 1 on [45 , 54 ]n−2, we get that for any 1 ≤ m ≤ αk0 ,
xmk0∂
mxk0 fˆx(1, ω) = Fˆ (1, ω)
Ä
xmk0∂
mxk0G2(x)
ä
= 0 .
So for such α we get
(10.24)
αk0∑
m=1
c
(α,β−l)
m,k0
(
√−1)β−lxmk0∂mxk0fx(xj−1, ω) = 0 .
Hence,
∑
l<β
α∈Q(β−l)
j−1
Π
(l)
β
∏
1≤k≤n−1
k 6=a
αk∑
m=1
c˜
(β−l,α)
m,k x
m
k ∂
mxkfx(xj−1, ω) = 0 .
Recall that Π
(l)
β is the sum of all products of l operators in Vˆ0 and β − l
operators in ∂ω. So we conclude
uˆ
β
1,ifˆx(1, ω) = G2(x)Π
(β)Fˆ (1, ω)
= G2(x)Vˆ
β
0 Fˆ (1, ω) .

For any r ∈ [0, 1] and for any (ω, xj−1) ∈ I(j−1), set
ωr,j := r(ω − x−1j−1) + x−1j−1 ,
and recall from (10.10) that
Fˆ (xj−1, ω) =
√−1
λxj−1
(
Gˆ1(xj−1, ω)
ω − x−1j−1
)
.
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Now using the above lemma, we will re-write uˆβj,ifˆx(xj−1, ω) as an operator
on Gˆ1. For each l ≤ β, define L(β) by
L(β) := {l = (l0, l1) ∈ N2 : l0 + l1 = β} .
Next, for any l ∈ L(β), let L(β)
l
be the set of all sequences of length β that
contain lk elements of the integer k, for each k = 0, 1. For example, for
β = 5,
(1, 0, 1, 1, 0) ∈ L(5)(2,3) ,
because it contains two element ”0”, three elements ”1”.
Let
(10.25) W0 = Vˆ0 , W1 = ∂
2ω .
Also, for any r ∈ [0, 1] and for any (ω, xj−1) ∈ I(j−1), set
ωr,j := r(ω − x−1j−1) + x−1j−1 .
Lemma 10.6. For any j ≥ 1, for any (xj−1, ω) ∈ I(j−1) and for any l ≤ β,
the following holds. If j = 1, then
Vˆ β0 Fˆ (1, ω) =
√−1
λ
∑
l∈L(β)
(sk)∈L(β)l
∫ 1
0
rβ(
√−1(1− r))l1
β∏
k=1
Wsk∂ωGˆ1](1, ω)dr .
If j > 1, then
∂βxj−1∂βωFˆ1(xj−1, ω) =
√−1
λ
∑
m1+m3=β
c(β)m1m3x
−2m1−m3−1
j−1
×
∫ 1
0
rβ(1− r)m1 [∂β+m1+1ωGˆ1](xj−1, ωr,j)dr ,
where c
(β)
β,0 = (−1)β .
Proof. From the definition of I(j−1),
(xj−1, ωr,j) ∈ I(j−1) , for r ∈ {0, 1} .
Because I(j−1) is convex and {ωr,j : r ∈ [0, 1]} is a line in R, we conclude
that for any r ∈ [0, 1], (xj−1, ωr,j) ∈ I(j−1) .
Because for each (xj−1, ω) ∈ I(j−1), Gˆ1(xj−1, x−1j−1) = 0, the fundamental
theorem of calculus shows that for all r ∈ R,
Gˆ1(ω, x
−1
j−1) =
∫ 1
0
d
dr
Gˆ1(xj−1, r(ω − x−1j−1) + x−1j−1)dr
= (ω − x−1j−1)
∫ 1
0
[∂ωGˆ1](x
−1
j−1, r(ω − x−1j−1) + x−1j−1)dr .
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Hence, as in Lemma 3.5 of [9], we get
Fˆ (xj−1, ω) =
√−1x
ν−1
j−1
λ
∫ 1
0
[∂ωGˆ1](xj−1, ωr,j)dr ,
Next, by a short calculation, as in formula (52) of [9], we get
Vˆ β0 Fˆ (xj−1, ω) =
√−1x
ν−1
j−1
λ
∫ 1
0
Vˆ β0 [∂ωGˆ1](xj−1, ωr,j)dr
=
√−1x
ν−1
j−1
λ
∫ 1
0
rβ[(Vˆ0 +
√−1xj−1(1− r)∂ω2)β∂ωGˆ1](xj−1, ω)dr .
(10.26)
By an induction argument,
(Vˆ0 +
√−1x−1j−1(1− r)∂2ω)β =
∑
l∈L(β)
(sk)∈L(β)l
(
√−1x−1j−1(1− r))l1
l∏
k=1
Wsk .
Hence, for j = 1 and l = β,
Vˆ β0 Fˆ (1, ω) =
√−1
∑
l∈L(β)
(sk)∈L(β)l
1
λ
∫ 1
0
rβ(
√−1(1− r))l1
β∏
k=1
Wsk∂ωGˆ1](1, ω)dr ,
which proves the first estimate in the lemma.
Now we prove the second, so j > 1. It is clear that
(10.27) ∂βωFˆ (xj−1, ω) =
√−1
λxj−1
∫ 1
0
rβ[∂β+1ωGˆ1](xj−1, ωr,j)dr .
Next, notice that
∂xj−1wr,j = −(1− r)x−2j−1 .
By induction there are coefficients (c
(β)
m1m3) ⊂ Z such that for any H ∈
C∞(R2) supported away the coordinate axes
∂βxj−1(x−1j−1
∫ 1
0
H(xj−1,ωr,j))dr =
∑
m1+m2+m3=β
c(β)m1m3x
−2m1−m3−1
j−1
×
∫ 1
0
(1− r)m1 [∂m2xj−1∂m1ωH](xj−1, ωr,j)dr ,
where
(10.28) c
(β)
β0 = (−1)β .
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Then by the above equality and (10.27), we have
∂βxj−1∂βωFˆ (xj−1, ω) =
√−1
λ
∑
m1+m2+m3=β
c(β)m1m3x
−2m1−m3−1
j−1
×
∫ 1
0
rβ(1− r)m1 [∂m2xj−1∂β+m1+1ωGˆ1](xj−1, ωr,j)dr .(10.29)
Finally, observe that ∂ωGˆ1 is a function of ω alone. Hence, wheneverm2 > 0,
we have
∂m2xj−1∂β+m1+1ωGˆ1 = 0 ,
which means
(10.29) =
√−1
λ
∑
m1+m3=β
c(β)m1m3x
−2m1−m3−1
j−1
×
∫ 1
0
rβ(1− r)m1 [∂β+m1+1ωGˆ1](xj−1, ωr,j)dr ,
where c
(β)
β0 is given by (10.28). 
As a consequence, we have
Corollary 10.7. For any j ≥ 1 and for any (xj−1, ω) ∈ I(j−1), the following
holds. If j = 1, then
uˆ
β
1,ifˆx(1, ω) =
√−1
λ
G2(x)
∑
l∈L(β)
(sk)∈L(β)l
∫ 1
0
rβ(
√−1(1− r))l1
β∏
k=1
Wsk∂ωGˆ1](1, ω)dr .
If j > 1, then
uˆ
β
j,ifˆx(1, ω) = −
(−√−1)β+1
λ
G2(x)
∑
m1+m3=β
c(β)m1m3x
−2m1−m3−1
j−1
×
∫ 1
0
rβ(1− r)m1 [∂β+m1+1ωGˆ1](xj−1, ωr,j)dr ,
where c
(β)
β0 = (−1)β .
Proof. This is immediate from the above lemma and Lemma 10.5. 
Now for any j ≥ 1 and x ∈ [45 , 54 ]nj−1 , (xj−1, ω) ∈ I(j−1), write
uˆ
β
1,ifˆx(xj−1, ω) = T
(j−1)
x (xj−1, ω) +B
(j−1)
x (xj−1, ω) ,
where T (j−1) and B(j−1) are defined on [45 ,
5
4 ]
n−1 as follows. For j = 1, set
T (0)x (1, ω) := G2(x)
(
√−1)β+1
λ
∫ 1
0
rβ(1− r)β[∂2β+1ωGˆ1](1, ωr,j)dr ,
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and for j > 1,
T (j−1)
x
(xj−1, ω) :=
(
√−1)β+1
λ
G2(x)x
−(2β+1)
j−1
×
∫ 1
0
rβ(1− r)β[∂2β+1ωGˆ1](xj−1, ωr,j)dr .
Then B(j−1) is given by
B(j−1)x (xj−1, ω) := uˆ
β
j,ifˆx(xj−1, ω)− T (j−1)x (xj−1, ω) .
We will show that T (j−1) is the term with the largest power of ν so that
B
(j−1)
x (xj−1, ω) will be a remainder term.
Lemma 10.8. There is a constant C
(0)
β > 0 such that, for any j ≥ 1 and
for any (xj−1, ω) ∈ I(j−1),
|B(j−1)
x
(xj−1, ω)| ≤
C
(0)
β
|λ| |ν|
2β .
Proof. We first consider the case j = 1. If l0 > 0 in the pair (l0, l1), then∏β
k=1Wsk contains at least one term Vˆ0 in place of ∂
2ω. From (10.15), for
any r ∈ R, we have
Vˆ0ω
ν+r = −√−1 (ν + r)(r + 1− n
2
)ων+r−1
∂ω(ων+r) = (ν + r)ων+r−1 .
Notice in particular that |Vˆ0ων+r| grows linearly in |ν|. So we get a constant
Cβ > 0 such that for any m ≤ β − l,
|
∫ 1
0
rβ(
√−1(1− r))l1
β∏
k=1
Wsk∂ωGˆ1](1, ω)dr| ≤ Cβ|ν|l0+2l1+1
≤ Cβ|ν|1+2(β−1)+1
≤ Cβ|ν|2β .
The by Corollary 10.7 and because G2 is bounded, this implies the estimate
when j = 1.
For j > 1, if m1 < β, then clearly, there is a constant Cβ > 0 such that
|
∫ 1
0
rβ(1− r)m1 [∂β+m1+1ωGˆ1](xj−1, ωr,j)dr| ≤ Cβ |ν|β+m1+1
≤ Cβ |ν|2β .
Because xj−1 is bounded away from zero, the estimate follows as in the case
j = 1. 
For any |ν| ≥ 4, define
(10.30) Iν := [1, 1 +
1
|ν| ] .
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Lemma 10.9. There is a constant c
(1)
β > 0 such that for any |ν| ≥ 4 and
for any (xj−1, ω) ∈ I(j−1) such that xj−1ω ∈ Iν, we have
|
∫ 1
0
rβ(1− r)β[∂2β+1ωGˆ1](xj−1, ωr,j)dr| > c(1)β |ν|2β+1 .
Proof. Clearly,
∂2β+1ωGˆ1 =
2β∏
j=0
(ν − j)ων−(β+1) .
Because ν ∈ iR, we have
(10.31) |
2β∏
j=0
(ν − j)| ≥ |ν|2β+1 ,
which means
(10.32)
|
∫ 1
0
rβ(1− r)β[∂β+1ωGˆ1](xj−1, ωr,j)dr| ≥ |ν|β+1|
∫ 1
0
rβ(1− r)βων−(β+1)r,j dr| .
Notice
ωr,j = r(ω − x−1j−1) + x−1j−1
= x−1j−1 (r(ωxj−1 − 1) + 1) ,(10.33)
so
ω
ν−(β+1)
r,j = x
−ν+β+1
j−1 (r(ωxj−1 − 1) + 1)ν−(β+1) .
Hence,
(10.34) (10.32) = |ν|β+1xβ+1j−1 |
∫ 1
0
rβ(1− r)β (r(ωxj−1 − 1) + 1)ν−(β+1) dr| .
Now say ν ∈ iR+. Then we can write
ωνr,j = exp
Ä√−1|ν| log(r(ωxj−1 − 1) + 1)ä
= cos (|ν| log(r(ωxj−1 − 1) + 1)) +
√−1 sin (|ν| log(r(ωxj−1 − 1) + 1)) .
So taking the real part of the integral (10.34), we get
(10.34) ≥ |ν|β+1xβ+1j−1 |
∫ 1
0
rβ(1− r)βω−(β+1)r,j cos (|ν| log(r(ωxj−1 − 1) + 1)) dr| .
(10.35)
For any r ∈ [0, 1], define
φ(r, j, ω) := log(1 + r(ωxj−1 − 1)) − r(ωxj−1 − 1) .
Because |ν| ≥ 4 and ωxj−1 ∈ Iν , we have
|φ(r, j, ω)| ≤ 1|ν|2 .
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So for any r ∈ [0, 1],
cos(|ν| log(1 + r(ωxj−1 − 1))) = cos (|ν|(r(ωxj−1 − 1) + φ(r, ω)))
≥ cos(1 + 1|ν|) >
1
20
.(10.36)
Hence, the integrand in (10.35) is positive.
Finally, we use (10.33) and xj−1ω ∈ Iν to get for any r ∈ [0, 1],
|ωr,j| > x−1j−1 .
Then it follows from the above estimate and (10.36) that
(10.35) ≥ |ν|
2β+1
2
|
∫ 1
0
rβ(1− r)βdr|
≥ |ν|2β+12−(4β+1) .

As a consequence, we have
Corollary 10.10. There is a constant c
(2)
β ∈ (0, 1) such that for any |ν| ≥ 4,
for any j ≥ 1, for any x ∈ [45 , 54 ]nj−1 , and for any (xj−1, ω) ∈ I(j−1) such
that xj−1ω ∈ Iν, we have
|T (j−1)
x
(xj−1, ω)| > c(2)β |ν|2β+1 .
Proof. This is immediate by the above lemma, by the definition of G2, and
because xj−1 is bounded. 
We can now prove Theorem 10.4.
Proof of Theorem 10.4. Let C
(0)
β and c
(2)
β be the constants from Lemma 10.8
and Corollary 10.10, and let (α
(0)
β ) be a sequence such that for each β ∈ N,
α
(0)
β ≥ 2 and
α
(0)
β+1 > α
(0)
β
c
(2)
β − C(0)β (α(0)β )−1 >
c
(2)
β
2
.
Then by Lemma 10.8 and Corollary 10.10 and by the triangle inequality, for
any |ν| > α(0)β , we have
|uˆβ1,ifˆx(xj−1, ω)| ≥ ||T (xj−1, ω)| − |B(xj−1, ω)||
≥ |ν|
2β+1
|λ| (c
(2)
β −
C
(0)
β
|ν| )
>
|ν|2β+1
|λ|
c
(2)
β
2
.
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Define
(10.37) Iν,j−1 := {(xj−1, ω) ∈ I(j−1) : xj−1ω ∈ Iν} .
Therefore, there is a constant c
(0)
β > 0 such that
‖(I − u2j,i)β/2f‖ ≥ ‖(I − u21,i)β/2f‖L2([ 4
5
, 5
4
]nj−1×Iν,j−1)
>
c
(0)
β
|λ| |ν|
2β+1/2 .
Now let s ≥ 0, and let β = ⌊s⌋. Then let |ν| > α(0)β+1. So because
α
(0)
β+1 > α
(0)
β the above estimate gives
(10.38)
‖(I − u2j,i)β/2f‖ >
c
(0)
β
|λ| |ν|
2β+1/2
‖(I − u2j,i)(β+1)/2f‖ >
c
(0)
β
|λ| |ν|
2(β+1)+1/2 .
By interpolation, we conclude that
‖(I − u2j,i)s/2f‖ >
c
(0)
⌊s+1⌋
|λ| |ν|
2s+1/2 .

Proof of Theorem 10.1. Let s ≥ 0, C > 0, λ ∈ R∗ and let σ ∈ [0, s + 1/2).
Let C
(0)
s+σ,n > 0 and α
(0)
s , c
(0)
s > 0 be the constants from Lemma 10.3 and
Theorem 10.4, respectively. Let |ν| be large enough that
(10.39) |ν| ≥ α
(0)
s ,
c(0)s |λ|s−1/2|ν|2s+1/2 > CC(0)s+σ,n(|λ|−(s+σ)+1/2 + |λ|s+σ+1/2)|ν|s+σ .
We will compare the results of Lemma 10.3 and Theorem 10.4 that give
(10.40)
‖g‖s ≤ C(0)s,n|ν|s ,
‖uˆsj,ifˆ‖ >
c
(0)
s
|λ| |ν|
2s+1/2 .
Recall from (10.8) that the above analysis holds for functions gˆx,λ(xj−1, ω) :=
gˆx(xj−1, λω), so from (10.9),
(10.41) gˆx(xj−1, ω) = qˆ(xj−1, λ−1ω)(λ−νων − x−νj−1)Gˆ2(x) ,
which means that gˆx is defined on
{(xj−1, ω) : (xj−1, λω) ∈ I(j−1)} ,
and gˆx(ω
−1, λω) = 0 for any ω ∈ R.
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Recall the formulas for the basis vectors V := {Xˆl}n−2l=1 ∪{uˆlm}1≤l 6=m≤n−1 ⊂
sl(n,R), given in (10.3), (10.4) and (10.5), and define
E+ := −
∑
m6=i
uˆ2m,i , E
− := −
∑
m6=i
uˆ2i,m
E0 := −
∑
W∈V
W 2 − E+ − E− .
A calculation shows
∂xj−1gλ = λ[∂xj−1g]λ , xj−1gλ = λ
−1[xj−1g]λ ,
so
E−gλ = λ−2[E−g]λ , E0gλ = [E0g]λ , E+gλ = λ2[E+g]λ .
Then because each of the operators Eη, for η ∈ {−, 0,+} are positive
operators,
‖gˆλ‖s+σ = ‖(I −
∑
W∈V
W 2)(s+σ)/2gˆλ‖
= ‖(1 + E− + E0 +E+)(s+σ)/2gˆλ‖
= ‖[(I + λ−2E− + E0 + λ2E+)(s+σ)/2gˆ]λ‖
≥ min{|λ|−(s+σ), |λ|(s+σ)}‖[(I −
∑
W∈V
W 2)(s+σ)/2gˆ]λ‖
= min{|λ|−(s+σ), |λ|(s+σ)}λ−1/2‖gˆ‖s+σ
≥ (|λ|−(s+σ)+1/2 + |λ|s+σ+1/2)−1‖gˆ‖s+σ .
Similarly,
‖(uˆ2j,i)s/2fˆ‖ = ‖(uˆ2j,i)s/2(fˆλ)1/λ‖
= |λ|s−1/2‖(uˆ2j,i)s/2fˆλ‖ .(10.42)
Then using (10.40), (10.39) and the above estimates, we get
‖(u2j,i)s/2f‖s = |λ|s−1/2‖(uˆ2j,i)s/2fˆλ‖
≥ c(0)s |λ|s−1/2|ν|2s+1/2
> CC
(0)
s+σ,n(|λ|−(s+σ)+1/2 + |λ|s+σ+1/2)|ν|s+σ
≥ C‖gˆλ‖s+σ(|λ|−(s+σ)+1/2 + |λ|s+σ+1/2)
≥ C‖g‖s+σ .
Therefore,
‖f‖s > C‖g‖s+σ .

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10.2. Proof of Theorem 2.2.
Proof of Theorem 2.2. We derive Theorem 2.2 from Theorem 10.1 Using
the Fourier transform L2(Rn−1) model, the cohomological equation (10.2)
for unipotent maps has the form
(10.43) (e−L
√−1xj−1ω − 1)fˆx(xj−1, ω) = gˆx(xj−1, ω) .
Using the notation from Section 10.1, define
gˆtwist
x
(xj−1, ω) := Gˆ1(xj−1, (
2π
L
)−1ω)G2(x)
= q(xj−1,
L
2π
ω)[(
L
2π
ω)ν − x−νj−1]G2(x) .
Define f by
fˆx(xj−1, ω) =Fˆ (xj−1, (
2π
L
)−1ω)G2(x)
= q(xj−1,
L
2π
ω)
(
( L2πω)
ν − x−νj−1
L
2πωxj−1 − 1
)
G2(x) ,
so gtwist and f satisfy (10.9) and (10.10), respectively, in the scaled case
λ = 2πL . Note further that these functions also satisfy the twisted equation
(10.6)
(10.44) fˆx(xj−1, ω) =
2π
L
gˆtwistx (xj−1, ω)
(xj−1ω − 2πL )
up to multiplication by the scalar L2π
√−1, and they are supported on
(xj−1, ω) ∈ [3
4
,
4
3
]× [2π
L
3
4
,
2π
L
4
3
] .
Next, define H on an open neighborhood of [34 ,
4
3 ]× [2πL 34 , 2πL 43 ] by
H(xj−1, ω) =
(
e−L
√−1xj−1ω − 1
L
2πωxj−1 − 1
)
.
and notice that
(10.45) H,H−1 ∈ C∞([3
4
,
4
3
]× [2π
L
3
4
,
2π
L
4
3
]) .
Now define g by
gˆ = H · gˆtwist .
Hence,
gˆx(xj−1, ω) =
(
e−L
√−1xj−1ω − 1
L
2πωxj−1 − 1
)
q(xj−1,
L
2π
ω)[(
L
2π
ω)ν − x−νj−1]G2(x)
= (e−L
√−1xj−1ω − 1)Fˆ (xj−1, (2π
L
)−1ω)G2(x)
= (e−L
√−1xj−1ω − 1)fˆx(xj−1, ω) .
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So f and g satisfy (10.43).
Now let s ∈ 2N and j > 1. For each β ≤ s, let B(β) be the sum of all
products of β vector fields in {Xˆj}nj=1 ∪ {uˆl,k}1≤l,k≤n \ {uˆ1,i, uˆj,i}. From the
proof of Lemma 10.3 (see (10.16) and (10.17)), we have
‖g‖s ≤ Cs,n
∑
β≤s
β1+β2≤β
‖B(s−β)uˆβ1j,iuˆβ21,igˆ‖
≤ Cs,n
∑
β≤s
β1+β2≤β
∑
v1+v2=β1
l≤β2
∑
1≤k≤n−1
k 6=a∑
k 6=amk=β2−l
‖B(s−β)
∏
(mk)
(
xmkk ∂
mkxkG2
)
×
Å
x
mj−1−v1
j−1 ∂
mj−1+v2xj−1∂β1ωΠ
(l)
β2
(HGˆ1(xj−1,
L
2π
ω))
ã
‖(10.46)
Recall that Π
(l)
β2
is the sum of all products of l ≤ β2 operators Vˆ0 and
β2 − l operators ∂ω, and moreover, we have the Leibniz-type formula for
Vˆ0 derivatives in (10.19). Specifically, there are universal coefficients (b
(β2)
ijkm)
such that
Vˆ β20 (Gˆ1(xj−1,
L
2π
ω) ·H)
=
∑
i+j+m≤β
k≤m
b
(β)
ijkm[(
d
dω
)mVˆ iGˆ1(xj−1,
L
2π
ω)][(ω
d
dω
)kVˆ jH] .
Consider the case L = 1. By (10.45), and because H is independent of ν,
and by (10.20), there is a constant Cβ > 0 such that
|Vˆ β20 (Gˆ1(xj−1,
1
2π
ω) ·H)| ≤ Cβ2Lβ2 |ν|m+i+j
≤ Cβ2Lβ2 |ν|β2 .
Hence, for general L > 0, we get
|Vˆ β20 (Gˆ1(xj−1,
L
2π
ω) ·H)| ≤ Cβ2L2β2 |ν|β2 .
So
|∂mj−1+v2xj−1∂β1ωΠ(l)β2(Gˆ1(xj−1,
L
2π
ω) ·H)| ≤ CβLβ1+2β2 |ν|max{mj−1+v2,β1+β2}
≤ CβL2β|ν|β1+β2
≤ CβL2β|ν|β .
Finally, because G2 is compactly supported and is independent of ν, we
conclude that there is a constant C
(1)
s,n > 0 such that
(10.46) ≤ C(1)s,n(1 + L)2s|ν|s−β+β
= C(1)s,n(1 + L)
2s|ν|s .
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By interpolation, the above estimate holds for any s ≥ 0. By a similar
argument for j = 1, we conclude that for any j ≥ 1 and for any s ≥ 0, there
is a constant C
(2)
s,n > 0 such that
(10.47) ‖g‖s ≤ C(2)s,n(1 + L)2s|ν|s .
On the other hand, by (10.42), (10.44) and Theorem 10.4, for any s ≥ 0,
there are constants α
(0)
s , c
(0)
s > 0 such that for any |ν| ≥ α(0)s ,
‖(I − uˆ2j,i)s/2fˆ ‖ˆ = (
2π
L
)−1/2‖(I − (2π
L
)2uˆ2j,i)
s/2fˆ(2π/L)‖
> c(0)s (
L
2π
+
2π
L
)−(s+1/2)‖(I − uˆ2j,i)s/2fˆ(2π/L)‖
> c(0)s (
L2 + 4π2
2πL
)−(s+1/2)|ν|2s+1/2 .(10.48)
So let σ ∈ [0, s + 1/2) and C > 0. Then for any |ν| large enough that
|ν| ≥ α(0)s ,
c(0)s (
L2 + 4π2
2πL
)−(s+1/2)|ν|2s+1/2 > CC(2)s+σ,n(1 + L)2(s+σ)|ν|s+σ ,
we get by (10.48) and (10.47) that
‖(I − u2j,i)s/2f‖ ≥ c(0)s (
L2 + 4π2
2πL
)−(s+1/2)|ν|2s+1/2
≥ CC(2)s+σ,n(1 + L)2(s+σ)|ν|s+σ
> C‖g‖s+σ .
This concludes the proof of Theorem 2.2. 
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